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Abstract. This paper introduces a new interesting research question
concerning tasks. The weak-test-and-set task has a uniform solution that
requires only two Multi-Writer Multi-Reader (MWMR) registers. Re-
cently it was shown that if we take the long-lived version and require a
step complexity that is adaptive to interval contention then, like mutual
exclusion, no solution with finitely many MWMR registers is possible.
Here we show that there are simple tasks which provably cannot be
solved uniformly with finitely many MWMR registers. This opens up
the research question of when a task is uniformly solvable using only
finitely many MWMR registers.

1 Introduction

A wuniform protocol [10,12,26, 29] is one that does not use information about the
number of processors in the system. Such protocols, by definition, must work
with any arbitrary, but finite, number of participants. They are important in
dynamic settings in which we do not want to force an upper bound on the number
of participating processors. One of the simplest non-trivial uniform protocols is
a splitter [31,33], which requires only two shared registers, and can be directly
used to achieve a very weak form of mutual exclusion, in which (1) safety is
always guaranteed: no two processors enter the critical section, (2) liveness is
guaranteed only in solo executions: if a processor runs alone then it enters the
critical section, and (3) no re-entry in the critical section is possible (one-shot).*

Uniform protocols, however, are usually built on top of one-shot adaptive
collect [20], which is implemented by an infinite binary tree of splitters. Can

4 There are protocols to “reset” the splitter to allow re-entry, but these protocols are
not uniform.



one-shot collect be accomplished with a finite number of MWMR registers? It is
known that mutual exclusion among n processors requires n shared registers [21],
and hence admits no uniform implementations with bounded memory. The proof
of this result relies heavily on the long-lived (reusable) nature of mutual exclu-
sion. More recently, [1] has studied another variant of mutual exclusion called
weak-test-and-set. Roughly speaking, weak-test-and-set satisfies properties (1)
and (2) above, but it allows re-entry after a processor has left the critical sec-
tion, so that weak-test-and-set is a long-lived (reusable) object. [1] shows that
weak-test-and-set has no uniform wait-free implementations with finitely many
MWMR registers. Like with mutual exclusion, the result relies heavily on the
long-lived nature of weak-test-and-set. For example, as observed above, a “one-
shot” version of weak-test-and-set has a trivial uniform wait-free implementa-
tion using a splitter, i.e., using a finite number of Multi-Writer Multi-Reader
(MWMR) registers. In this paper we show that long-livedness, accompanied
with the requirement that complexity adapt to interval-contention [2-5,7-9,11,
13,15,17-19,22, 28, 32, 34], is not the only requirement that precludes a solution
in finite space. To do so, we introduce a new task [27] that is a simple generaliza-
tion of the one-shot weak-test-and-set. Roughly speaking, a task assigns a finite
set of possible output tuples for each possible set of participating processors. The
generalized weak- te t-and- et ta k is specified as follows: The set of processors

1 2 is a priori partitioned into classes. The output tuple for a set of
participating processors that all belong to the same class is all 1 s. Otherwise an
output tuple for a participating set of mixed classes of processors consists of 0 s
and 1 s with no two processors of di erent classes outputting 1.

There is a very simple uniform solution to this task: a participating processor
registers its name and uses collect [14] to obtain the set of all registered pro-
cessors. If the set has more than one class then the processor outputs 0, else it
outputs 1. This protocol works, but requires an unbounded number of shared
MWMR registers. If we are limited to finitely many MWMR, registers, we show
that the weak-test-and-set task has no uniform wait-free implementation. This
opens up the interesting research question of characterizing what tasks are uni-
formly solvable in finite space Furthermore, we show that this impossibility relies
heavily on two assumptions: (1) that the cardinality of classes is not uniformly
bounded, and (2) that the number of classes is infinite. In fact, we show that if
we relax any of these assumptions, that is, if ( 1) there is a single upper bound
on the number of processors in all classes or (2) there are only finitely many
classes, then the generalized weak-test-and-set task has a uniform solution with
finitely many registers. ( ote that neither ( 1) nor ( 2) means that the system
has finitely many processors).

Obviously, since collect solves the generalized weak-test-and-set, it cannot be
implemented with only finitely many MWMR registers.



Uniform protocols, i.e., protocols that do not require a priori knowledge of the
number of processors in the system, have been studied, particularly in the context
of ring protocols (e.g. [12,29]). Adaptive protocols, i.e. protocols whose step
complexity is a function of the size of the participating set, have been studied in
[4-6,16,22, 32]. Adaptive protocols that only use the number n of processors to
bound their space complexity can be easily modified into a uniform protocol that
uses unbounded memory by replacing n with . Long-lived adaptive protocols
that assume some huge upper bound on the number of processors, but require
the complexity of the protocol to be a function of the concurrency have been
studied in [2,3,7-9,17-20,28, 33].

As we mentioned before, the weak-test-and-set object is defined in [1]. It is a
long-lived object, rather than a single-shot task. Our generalized weak-test-and-
set task degenerates to a single-shot version of weak-test-and-set when there is
only one processor per class.

Generalized weak-test-and-set is related to group mutual exclusion [30], much
in the same way that weak-test-and-set is related to mutual exclusion. Group
mutual exclusion is a generalization of mutual exclusion in which multiple pro-
cessors may enter the critical section simultaneously, provided they are part of
the same group. It allows a processor to block if the critical section is occu-
pied by processors from another group. This is quite di erent from generalized
weak-test-and-set, which admits non-blocking solutions. Moreover, group mu-
tual exclusion is a long-lived problem, which needs to concern itself with reentry
into the critical section, whereas the generalized weak-test-and-set task is single
shot.

The covering technique used in our impossibility proof with finitely many
MWMR registers first appeared in [21] to show some bounds on the number of
registers necessary for mutual exclusion. owever, the proof in [21] inherently
relies on the long-lived nature of mutual exclusion: it makes processors execute
mutual exclusion multiple times, while leaving some harmful residue for each
execution. In this way, after a large number of executions, the protocol must
finally fail. In our proof, we deal with tasks, which are inherently single-shot,
and so we require a di erent approach to get a contradiction in a single execution.
Fich, erlihy and Shavit [25] gavean ( n) lower bound on the number of multi-
writer multi-reader registers needed for randomized consensus. This also shows
non-uniformity for a one-shot task using only MWMR registers. Generalized
weak test-and-set, however, is a task that is much simpler and can hence be solved
much more easily than randomized consensus. Their [25] covering construction
relies heavily on the fact that processors need to agree on a decision. In our case,
this is not required. rocessors can leave by simply outputting 0, whenever they
see any processor from a di erent group. As we will show in Section 5.1, there
is, for example, a very simple implementation of generalized weak test-and-set if
the number of groups is less or equal than the number of MWMR registers and
each group is possibly infinite, i.e. with infinitely many processors and finitely
many MWMR registers.



ode

We consider an asynchronous shared memory system with registers, in which a
set  of processors can communicate with each other by writing to and read-
ing from a finite number of registers. Registers are Multi-Writer Multi-Reader
(MWMR), meaning that they can be read and written by any processor in the
system, and they can hold values in 12 . For some of our results, we
also consider Single-Writer Multi-Reader (SWMR) registers and, in fact, without
loss of generality, we assume that each processor has at most one such register
to which it can write (and it can be read by any processor).

The correctness condition for concurrent accesses to registers is linearizability.

The set  of processors that ma participate is countably infinite and, in
fact, we assume that . Elements of  are called processor id s. ot all
processors actually run simultaneously in fact, in each run, only a finite number
of them execute. These are called the set of participating proce or or simply
participant . rotocols running in our model are uniform: they do not know a
priori the number of participants or a bound on this number.

rocessors may fail by crashing. A processor that does not crash is called
correct. We consider wait-free protocols, that is, protocols that guarantee that
correct processors always make progress, regardless of the behavior of other
processors (e.g., even when other processors have crashed).

Traditionally, a task is defined to be a function from inputs to sets of outputs.

owever, for our model with infinitely many processors, we assume without loss
of generality that the processor id and the input have been coalesced together
and we call both of them the processor id. ence, we define a task to be a
function that maps finite subsets of processors to sets of outputs, where each

output is a map from to ,thatis () 2 . Intuitively, ( ) is the
set of all possible outcomes when is the set of participating processors. Each
outcome ( ) is a mapping : that indicates the output of each

processor in

A protocol solves a task  if, whenever is the set of participating processors,

there exists a mapping () so that every correct processor outputs ( ).

ote that tasks are inherently “short-lived”: there is only one execution of a task
in a run of the system.

We say that a protocol for a task is adapti e [2-5,7-9,11,15,17-20,22, 28,
34] if the number of steps (read write operations) taken by each processor is
bounded by a function of the contention. To strengthen our impossibility results,
we use a very weak notion of contention: we define contention to be the number
of participants from the beginning of the run until the processor outputs a value.



e eneral ed ea test and set tas

Roughly speaking, in the generalized weak test-and-set task, processors are a

priori partitioned into classes, and the goal is for processors in at most one of

the classes to “win”, that is, to output 1. All other processors must output 0. In

order to avoid trivial solutions where every processor always outputs 0, we also

require that if all participants belong to the same class then they all output 1.
More precisely, the following two properties must be satisfied:

All participants that output 1 belong to the same class
If all participants belong to the same class then they all output 1

I ossibiit resu ts

In this section, we show that there is no uniform solution for the generalized weak
test-and-set task with finitely many shared registers (either MWMR or SWMR).
Without loss of generality, we assume that all the registers are MWMR. In the
next section, we strengthen our impossibility result to allow an infinite number of
SWMR registers (and still a finite number of MWMR, registers), but we assume
that the protocol is adaptive.

ere i mo uniform wait-free implementation of t e generalized
weak-te t-and- et ta k in a  tem wit mnitel man  ared regi ter

We show the theorem by contradiction: assume there is such an implemen-
tation that uses only registers 1

regi ter con guration i a -tuple containing t e tate of eac
regi ter int e  tem

ote that this notion only makes sense at times when all of the registers
have only one possible linearization (e.g., it does not make sense if there is an
outstanding write). This will always be the case in the states that we consider.

We now progressively construct many runs ;1 o such that in , all
processors belong to the same class . As we shall see, we will build a run
that is a mix of  and (for infinitely many ). Since all processors
in  belongto class  and all processorsin  belong to , where
for all , the id s of processors in  are always di erent from the ones
in . In this way, the processors running in are the disjoint union of the
processors in and .

In each run , we start ignum processors from class and let them
execute solo, one after the other, until they are about to write to their first
register. Throughout this proof ignum and ignum are large numbers to be
determined later (for every ).
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. Situation at the end of phase of the inductive construction. Each set

(resp. ) represents a large number of processors from class (resp. class ) that are
about to write to register . n run (resp. ) there are only processors from class
(resp. class ), and run has the union of processors from  and

Our construction proceeds in phases that we construct inductively. We begin
with phase 0 of the construction:

Since there are only finitely many registers, we can pick an infinite subset

oftheruns 1 o such that at least ignum processors in each
run cover the same register, call it ;1. To avoid cluttering up notation, we will
call these runs | o rather than
ow for every , we can construct another run as a combination
of and ,thatis, processorsin and  runsolo, one after the other in some
irrelevant order, until they are about to write to ;. ote that for every ,
all runs  and have the same register configuration, since no processor has
yet written to any registers.

In phase 1, we extend by starting ignum, new processors (processors that
have not executed before) from class  and letting them run solo, one after the
other, until they either (a) terminate or (b) they cover a register di erent from

1 (if they attempt to write to ; we let them do so and let them continue
execute until they cover a register di erent from ).

We now show inductively for any phase 1 that (a) cannot happen
in phase
laim For all 1 , , N0 processor executing steps in phase of run

will terminate in phase

roof We proceed inductively to build phase of the construction from phase

1. At the end of phase 1, we haveruns  and (for all ) such

that (1) in  there is a large number of processors covering 1 o 1, (2)
each processor in  and in have the same state as in . See Figure 1.



To ensure that  and have the same register configuration, we pick in
both runs processors (one for each register) that cover each of ;1 o 1,
and let them execute one step. We do so for  (we will get back to below).
Then, in  we start ignum | new processors from class  and let them run
solo, one after the other, until they either (a) terminate or (b) they cover a
register di erent from ; o 1.

We now show that no processor can terminate in phase (i.e. that (a) cannot
happen):

By way of contradiction, assume that a processor terminates before writing
to a register di erent from ;1 o 1. Then must output 1 by property
(1) of the generalized test-and-set task, since in  all processors are from class

. Moreover, in we can execute the same processors that executed one step
in to overwrite | o 1, and then let execute. Then, will behave
exactly as in hence outputs 1 in . ow pick processors in that
cover 1 o 1 (one for each register) and let them all execute one step
(overwriting the contents of 1 o 1). o the same in . We can now
start a new processor in from class and let it execute until completion.
Such a processor will behave as if it were running in ~ and hence will decide 1
in . This violates property (2) of the generalized test-and-set task and shows
the claim.

ow since there are only finitely many registers, we can pick an infinite subset
oftheruns 1 o such that at least ignum ;| processors cover
the same register, call it . To avoid cluttering up notation, we will call these
runs 1 9 rather than
We now extend by “pasting” runs  and one after the other ( ote
that, since in both runs we begin by allowing for each register ; 1 1,
one processor covering each such register to complete its write, it does not matter
which run comes first, say as follows.) In we allow the same processors
that executed one step in  to execute the same step in and to overwrite
1 2 1. Then we start ignum | new processors from class and let
them run solo. Such processors will behave exactly asin  and, after doing so,
processors in will have the same state in both and .
We then paste in the same manner. Thus, we have (1) in  there is a

large number of processors covering 1 o , and (2) each processor in
or have the same state as in . This concludes phase
By carrying out these constructions until phase 1 (recall that is the

number of registers), we get a contradiction because a processor will be executing
forever (by Claim 4.1, the processor cannot terminate before it attempts to write
to a register di erent from 1 o , but unfortunately there is no such
register).

We will now show that our impossibility result holds for adaptive implementa-
tions even if we allow processors to use an infinite number of SWMR  registers



(but finite number of MWMR registers). Without loss of generality, we assume
that each processor has one SWMR register assigned to it. In this case the runs
constructed in Theorem 1 might not be valid anymore since in processors
from  might read the SWMR register of a processor from  and not write to
1 (1 1 respectively) anymore and instead terminate with 0. Moreover,
processors from  in might read the SWMR register of a processor from
causing them to terminate. ote, however, that in and itself, we do not
need to worry about covering processors being discovered through their SWMR
registers. As long as processors from say do not “discover” any processor
from in they are still forced to write to a new MWMR register. ote,
moreover, that in there are no traces of the processors covering the MWMR
registers 1 1 in any MWMR register that could “point” a processor say
from  to the SWMR registers of a processor from
To avoid these problems, we use a technique first presented by Afek, Boxer
and Touitou [1]. We prevent processors whose SWMR registers are later read
from taking part in the constructed runs. So, at any given state in a run , if
processor from () reads the SWMR register of processor from ()
and is participating and currently covering one of the MWMR registers, then we
construct another run in which is replaced by another processor . rocessor
will still read the same SWMR registers, i.e. of and not of . Let be the
run in which is participating and be the run in which is participating.
As in [1], the behavior of and is somewhat equivalent, i.e. they are both
writing and covering the same MWMR registers in and . A processor
like always exists because: (1) There is a large enough set of processors to
select  from since only a bounded number of processors participated in the run
so far and we are able to choose from infinitely many processors. (2) rocessor
can perform only a bounded number of read operations - exactly a function of
the number of processors that performed steps so far.
uring all the runs , some , , previously constructed, we maintain a
large enough set of “equivalent” runs. These runs allow us to replace the run
at any given point in which we enter a dangerou state, i.e. a state where a
processor from one class reads the SWMR register of a participating processor
from another class.

et e a proce or participating in run e a t ata tate
m run i i-tran parent for  if t ere i a run egment tarting at in
w ic  take tep t at cannot di tingui from a run egment in

wo TUn and are e ui alent wit re pect to a et of
proce or  from if t e tateatt e end of ot rTun and i
i- tran parent -tran parent wit re pect to te regi ter 1
co ered in and aret e ame and t e are co ered  proce or from
t e amecla e and if proce or participating in participate
in ot and t en cannot di tingui  etween t e two
When constructing a run in the proof, whenever a covering processor

from (), that we selected to participate in the run is discovered by a



processor from () we need to replace it by a processor from () that
cannot be discovered.

We achieve this by considering an equivalent run in which  takes steps
instead of . ote that if we remove from we also automatically remove
it from

ere i no uniform adapti e wait-free implementation of t e gen-
eralized weak-te t-and- et ta k in a  tem wit nitel man regi ter
and in nitel man regi ter

roof We proceed as in the proof of Theorem 1: We progressively construct
many runs 1 2 such that in | all processors belong to the same class
. We will build a run that is a mix of and (for infinitely many
). In this way, the processors running in are the disjoint union of

the processors in and

In each run , we start idignum processors from class and let them
execute solo, one after the other, until they are about to write to their first
register. As before, ignum and ignum are large numbers to be determined
later (for every ) .

The construction proceeds in phases that we construct inductively. We begin
with phase 0 of the construction:

Since there are only finitely many registers, we can pick an infinite subset

of theruns ;1 such that at least ignum processors in each
run cover the same register, call it ;. To avoid cluttering up notation, we will
call theseruns ; o rather than
ow for every , we can construct another run as a combination
of and ,thatis, processorsin and runsolo, one after the other in some
irrelevant order, until they are about to write to 1. ote that for every ,
all runs  and have the same register configuration, since no processor has
yet written to any registers.

In phase 1, we extend by starting ignum, new processors (processors that
have not executed before) from class  and letting them run solo, one after the
other, until they either (a) terminate or (b) they cover a register di erent from

1 (if they attempt to write to 1 we let them do so and continue executing).
We show inductively for any phase 1 that (a) cannot happen in phase

laim For all 1 , , N0 processor executing steps in phase of run
will terminate in phase

ote that this is the inductive claim from Theorem 1. The proof of this
claim, however, might not be valid anymore, since in each phase 1 , &
participating processor in might read the SWMR register of a processor
from class and immediately output 0. To avoid this problem, we construct
in each phase of the construction for each , i.e. each a run
that is e ui alent to . In the new run we remove active processors that
are later “discovered” by other active processors, i.e. any processor covering a



register, whose SWMR register is later read by another participating processor,
has been removed in . So, for each participating processor that reads the
SWMR register of participating processors (from class ), we replace in
, with processors fromclass . encein the processors
take steps instead of and no participating processor reads the
SWMR register of . Intuitively, we construct such a new run that
is equivalent to by repeating the construction of the current run from the
beginning. In the new run we remove participating processors from () that
are later discovered from processors in (). We replace them with other
processors that are from () that are not discovered and whose behavior is
e ui alent.

It remains to show that there are always such replacement processors . This
follows from the fact that (1) in any given phase a processor is allowed to read
at most a bounded (by a function of the number of processors that performed
any steps up to this stage) number of SWMR registers. By the generalized weak
test-and-set task specification, a participating processor cannot perform at any
given stage an unbounded search of all (infinitely) many SWMR registers, since
it would then possibly enter a deadlocked state. (2) Only a finite number of
processors participated up to any given stage. This means, we are always able
to select all needed processors from an infinite set of processors. ( ote, that
this might require us to adjust ignum for each phase such that we always
are able to chose  from su ciently many processors.)

ence we obtain a construction where no processor reads the SWMR register
of any other participating processor. Such a construction has the properties of
the run in Theorem 1. ence the proof of the claim follows. As in the proof of
Theorem 1, this proves the theorem.

ossibi it resu ts

The following two possibility results prove that our impossibility result for an
implementation with a constant number of MWMR registers relies heavily on
the following two assumptions: (1) that there are infinitely many classes of pro-
cessors, and (2) that there is no finite bound on the number of processors
that are in the same class. In fact, we now provide uniform implementation with
finitely many MWMR registers when either ( 1) there is a single upper bound
on the number of processors in all classes or ( 2) there are only finitely many
classes.

To implement generalized weak-test-and-set with a finite number of classes
of processors (where each class can have an infinite number of processors), we
simply assign a MWMR register to each class. All MWMR registers initially
contain . A processor executing the generalized weak-test-and-set algorithm

simply first writes 1 to the MWMR register corresponding to its class and



then scans all other MWMR registers. If it sees 1 only in the MWMR register
assigned to its class, it outputs 1. Otherwise, it outputs 0.

lgorit m i an implementation of t e generalized weak-te t-
and- et ta kwit nitel man cla e of proce or wu ing onl a con tant num er
of regi ter

roof Let  be a class of processors. Since all processors in  write the same
value (1) to the same MWMR register and since this value once written is never
changed, the processorsin , for each of the finitely many such classes , emulate
a single writer. ence the claim follows.

Assume there is an upper bound on the size of each class  of processors
(but there may be an infinite number of classes). We now provide an imple-
mentation  of generalized weak-test-and-set using only a constant number of
MWMR registers.

The implementation uses splitters in a way described by Attiya, Fouren and
Gafni [20]. A splitter is defined as follows: A processor entering a splitter exits
with either top left or rig t. It is guaranteed that if a single processor enters
the splitter, then it obtains top, and if two or more processors enter it, then
there are two processors that obtain di erent values. Implementation uses a
complete binary tree of depth 1. Each vertex of the tree contains a splitter.
As in the adaptive collect algorithm of Attiya, Fouren and Gafni [20], a processor
acquires a vertex  from this point on the processor stores its values in

A processor moves down the tree according to the values obtained in the
splitters along the path: If it receives left it moves to the left child if it receives
rig t, it moves to the right child. A processor marks each vertex it accesses by
raising a ag associated with the vertex a vertex is marked if its ag is raised.
The processor acquires a vertex when it obtains top at the splitter associated
with  then it writes its id and class identifier into . A processor that acquired
a vertex then as in [20], by traversing the part of the tree containing marked
vertices, in  FS order, collects the values written in the marked vertices. If it
sees a processor from a di erent class than its own, it outputs 0, else 1.

If a processor executing this implementation reaches a leaf of the tree, i.e.
depth 1, without acquiring a vertex, it immediately outputs 0. Since the
bound on the membership of the class of processors is , there must be at least
one processor participating that does not have the same initial value as

lgorit m i an implementation of t e generalized weak-te t-
and- et ta k wit o ounded num er of proce or in eac cla of proce or

u ing onl a con tant num er of regi ter

roof Immediate.



onc usion

Afek et al [1] showed that a long-lived task requires an infinite number of MWMR
registers in case there is no a priori bound to the number of the participating
processors. We have extended this result showing that the long-liveness is not
necessarily the crucial ingredient that raises the need for infinite memory. This
raises the interesting question on when such a memory is really required. Another
way of extending the result in [1] is to notice that the proof there actually requires
the concurrency to exceed the number of MWMR registers. What if we do not
have an a priori bound on the concurrency? Can we nevertheless use a fortiori
a finite number of MWMR registers? IL.e., can splitters be reused in a uniform
protocol? We conjecture they cannot a conjecture that if proven will make the
research area of adaptive algorithms a bit less appealing.

Acknowledgement. We are thankful to the ISC referees for valuable com-
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