On the Complexity of the “Most General” Firing Squad
Synchronization Problem

Darin Goldstein* and Kojiro Kobayashif

Abstract

We show that if a minimal-time solution exists for a fundamental distributed computation primitive,
synchronizing a general directed network of finite-state processors, then there must exist an extraordi-
narily fast O(ED log, D (log, n)?) algorithm in the RAM model of computation for exactly determining
the diameter of a general directed graph. The proof is constructive.

This result interconnects two very distinct areas of computer science: distributed protocols on net-
works of intercommunicating finite-state machines and standard algorithms on the usual RAM model of
computation.

1 Introduction

The Firing Squad Synchronization Problem (or FSSP, for short) is a famous problem originally posed almost
half a century ago. A prisoner is about to be executed by firing squad. The firing squad is made up of
soldiers who have formed up in a straight line with muskets aimed at the prisoner. The general stands on
the left side of the line, ready to give the order, but he knows that he can only communicate with the soldier
to his right. In fact, each soldier can only communicate with the soldier to his immediate left and/or right,
but nobody else. Soldiers have limited memory and can only pass along simple instructions. Is it possible
to come up with a protocol, independent of the size of the line, for getting all of the soldiers to fire at
the prisoner simultaneously if their only means of communication are small, whispered instructions only to
adjacent soldiers? (The possibility of counting the number of soldiers in the line can be discounted because
no soldier can remember such a potentially large amount of information; each soldier can only remember
messages that are independent of the size of the line.)

The problem itself is interesting as a mathematical puzzle. More importantly, there are also applications
to the synchronization of small, fast processors in large networks. In the literature on the subject (e.g. [26,
18]), the problem has been referred to as “macrosynchronization given microsynchronization” and “realizing
global synchronization using only local information exchange.” The synchronization of multiple small but
fast processors in general networks is a fundamental problem of parallel processing and a computing primitive
of distributed computation.

The FSSP has a rich history that spans decades. J. Mazoyer provides an overview of the problem (up to
1986, at least) in addition to some of its history in [20]. The problem was originally introduced by J. Myhill in
1957, though the first published reference is [23] from 1962. J. McCarthy and M. Minsky [22] first solved the
problem. Since then, many variations of FSSP have been proposed and studied (e.g. [21, 28, 19, 24, 12, 3, 2]
to name just a few). Despite this long history of study and extensive compilation of results, one fundamental
problem for FSSP has remained open. It concerns existence of optimal-time solutions of variations of FSSP.
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For one variation of FSSP that has a solution and a problem instance (a network) X of the variation,
the minimum firing time of X is the minimum of the firing times of solutions A for the instance X, where
A ranges over all solutions of the variation. A minimal-time solution of the variation is a solution whose
firing time for X is the minimum firing time of X for any problem instance X of the variation. Variations
of FSSP are classified to the following three types:

Type A: The variation has a minimal-time solution.
Type B: The variation has a solution but has no minimal-time solution.
Type C: The variation has no solution.

We know many examples of variations of Type A. The original FSSP is one of them. The minimum firing
time of a linear array of n soldiers is 2n —2 and minimal-time solutions were found by Goto [11] and Waksman
[29]. Other examples are linear arrays with arbitrary position of the general, bilateral rings, one-way rings,
rectangles, and squares (the position of the general may be either one of the corners or may be at any
position). We also know examples of variations of Type C. One is the variation for directed networks such
that an out-port may have arbitrary fan-out ([17]) and another is the variation for undirected networks with
unbounded number of generals ([14, 13]). However, at present we know no example of variations of Type
B. Neither do we know that variations of Type B do not exist. Therefore, the problem to decide whether
variations of Type B exist or not is a very important open problem. Here we restrict ourselves to variations
of FSSP that are obtained from the original FSSP by generalization only with respect to network topologies.
Without this restriction, we know of some variations of Type B: [21] (generalization with respect to the
communication delay time) and [27] (generalization with respect to the number and the role of generals).

In the followings, we list eight variations for which solutions are known but minimal-time solutions are
not known.

2PATH: The variations for paths in the two-dimensional grid space. A path may bend but may not touch
itself. The general is at one of the end points.

g-2PATH: The same as 2PATH but the general may be at any position (g is for “generalized”).

2REG: The variation for finite connected regions in the two-dimensional grid space. The general may be
at any position. Regions may have holes.

3PATH, g-3PATH, 3REG: The variations analogous to 2PATH, g-2PATH, 2REG respectively for the
three-dimensional grid space.

UN: The variation for general undirected networks. Networks must be connected.

DN: The variation for general directed networks. Networks must be strongly connected.

We know a solution with firing time 3r — 1 for UN ([25]) (r denotes the radius of the network) and
solutions for DN with an exponential firing time ([16]), with a firing time O(n?) ([7]), and with a firing time
O(Dn) ([26], D denotes the diameter of the network). However, these solutions are not minimal-time. The
variation DN is especially important because it is the “most general” FSSP.

We have made the conjecture that all of these eight variations have no minimal-time solutions, and hence
are of Type B. The attempt to prove this conjecture was initiated by one of the authors. In [18], the second
author introduced a problem which he called 2PEP (the two-dimensional path extension problem). The
problem is to decide, for each given path in the two-dimensional grid space, whether we can extend the path
from the specified end point so that the length of the path is doubled. At present we know no polynomial
time algorithm for 2PEP, but at the same time we are unable to prove that it is NP-complete. It was proved



in [18] that if 2PATH has a minimal-time solution then 2PEP has an O(n?) time algorithm. This result
readily applies also to g-2PATH and 2REG. Hence, finding a minimal-time solution of 2PATH, g-2PATH,
2REG is at least as hard as finding an O(n?) time algorithm for 2PEP. Next, in [10] and [9], we could
prove a stronger result for the other three variations: if P # NP then 3PATH, g-3PATH, 3REG have no
minimal-time solutions. Hence, finding a minimal-time solution of 3PATH, g-3PATH, 3REG is at least as
hard as finding a polynomial time algorithm for SAT. UN and DN remain to be studied.

In the present paper, we show that finding a minimal-time solution of DN is at least as hard as finding
an “incredibly” fast algorithm in the RAM model of computation for the problem to determine the diameter
of a general directed graph. We formalize this with the following theorem.

Theorem 1 If there exists a minimal-time solution for the general directed network topology, then there
ezists o deterministic algorithm in the RAM model of computation that can exactly determine the diameter
of a general unweighted directed graph in time O(ED log, D (log, n)°) where E is the number of edges, D is
the diameter of the graph, and n = |V| is the number of vertices.

O(En +n?logn) | O(EDlog D(logn)?)
E =0(n?),D =0(n) O(n?) O(n3(logn)?)
E =0(n?),D = 0(y/n) O(n®) O(n?y/n(logn)*)
E=0(n?,D=0(1) O(n?) O(n?(logn)?)
E = 0(nyn),D = 6(n) O(n®/n) O(n*y/n(logn)?)
E = 0(ny/n),D = 6(yn) O(n®v/n) O(n*(logn)*)
E=0mym.D=06(1) | Oy O(nym(iogn)?)
E =0(n),D =0(n) O(n%logn) O(n%(logn)?)
E =0(n),D = 0(y/n) O(n%logn) O(ny/n(logn)?)
E=0(n),D=0(1) O(n?logn) O(n(logn)?)

Table 1: Comparison of the running times of Dijkstra’s algorithm and the algorithm of Theorem 1

To give some idea on how the algorithm mentioned in Theorem 1 compares with other algorithms,
in Table 1 we show the running time O(En + n®logn) of Dijkstra’s algorithm and the running time
O(EDlog D(logn)?) of our algorithm for some special cases of E, D. Our algorithm is slower only for
the case D = ©(n) (narrow and long graphs).

The literature for algorithms that determine the diameter of a graph is vast and varied. There are
numerous references for finding the diameter of directed graphs, most of which reduce to the problems of
matrix multiplication (that ignores addition as an elementary operation when determining the complexity,
which our model does not) or solving the All Pairs Shortest Path (APSP) problem; the problem of finding
approximate diameters (e.g. [1]) has also been examined. To date, the best methods for determining the
diameter of an arbitrary directed network that do not involve “fast matrix multiplication” [4] rely on solving
the All Pairs Shortest Path problem [5]. Applying Dijkstra’s algorithm for each vertex in the network leads
to a running time of O(En + n?logn). This algorithm was improved by Karger et al. [15] in 1993 to
O(nE* + n?logn) where E* represents the total number of edges that participate in the shortest length
paths. Fredman [8] in 1976 introduced a method in the algebraic computation tree model by which the
min-plus matrix multiplication necessary to compute the APSP could be determined using only O(n??®)
additions and comparisons, but the best known implementation by Zwick [31] in the RAM model runs in
time slightly o(n®). We have presented only a very superficial sampling of the results in this area!, but Zwick
[30] presents a fairly complete survey on the APSP problem and most of its reasonable variations.

!Indeed, there were at least six results leading up to Zwick’s recent o(n3) algorithm just for implementing Fredman’s original
1976 idea.



To the authors’ knowledge, this is the first result that directly relates solutions for distributed networks
of finite-state automata to algorithms that run in the “usual” RAM model of computation. To this point,
there is no established connection between the diameter of a graph and the minimum firing time of a network
of finite-state machines. The time bound of O(ED log, D (log, n)?) mentioned above in Theorem 1 beats
every known result in the relevant sections of Zwick’s survey by large factors, especially for somewhat sparse
graphs with small diameter. One can therefore look at our results in one of two ways. One can view Theorem
1 as evidence that a minimal-time solution for the FSSP on general directed networks does not exist, given
the size of the asymptotic gap between the conclusions of the theorem and the current state of research of
the diameter problem after decades of searching for better algorithms. One can also view Theorem 1 as
motivation for searching for a minimal-time solution, for if such a solution were found, it would be a major
leap forward in the search for better “shortest-path” algorithms.

The rest of the paper will be organized as follows. In Section 2, we introduce the automata model we
will use for the remainder of the paper. Section 3 contains the proof of Theorem 1 including proof sketches
of the relevant lemmas. Finally, in Section 4, we present conclusions and open problems.

2 The Model

As mentioned previously, we wish to model the operation of a large network of processors whose computations
are all governed synchronously by the same global clock. The model is intended to mathematically abstract
a physical switching network or a very large-scale parallel processing machine. The processors are designed
to be small, fast, and unable to access large memory caches. Each processor is identical and assumed to
have a fixed constant number of ports which can both send and receive a constant amount of data per clock
cycle. (“Constant” quantities must be independent of the size and structure of the network.)

More formally, the problem is to construct a deterministic finite-state automaton with a transition func-
tion that satisfies certain conditions. We assume that each processor in the network is identical and initially
in a special “quiescent” state, in which, at each time-step, the processor sends a “blank” character through
all of its ports. A processor remains in the quiescent state until a non-blank character is received by one of
its in-ports. We consider connected networks of such identical synchronous finite-state automata with vertex
degree uniformly bounded by a constant. These automata are meant to model very small, fast processors.
The network itself may have a specific topology (see below) but potentially unbounded size. The network
is formed by connecting ports of a given processor to those of other processors with wires. Not all ports of
a given processor need necessarily be connected to other processors. The network has a global clock, the
pulses between which each processor performs its computations. Processors synchronously, within a single
global clock pulse, perform the following actions in order: read in the inputs from each of their ports, process
their individual state changes, and prepare and broadcast their outputs. As mentioned, our network struc-
ture is specifically designed to model the practical situation of many small and fast processors performing a
synchronous distributed computation. The goal of the protocol is to cause every process in the network to
enter the same special “firing” state for the first time simultaneously.

A solution A for a given network topology (e.g. the bidirectional line, as above) is defined to be the
instantiation of an automaton with a transition function that satisfies the firing conditions outlined above for
any network size. (So, by this definition, a solution for the bidirectional line must function for a bidirectional
line of any size.) Assuming a solution A is specified, the firing time of A on a given network will refer to the
number of clock cycles it takes for this network of processors programmed with the solution A to complete
the protocol and simultaneously fire. The minimum firing time of a given network (of a specified topology)
will refer to the minimum over all solutions A of the firing time of the network of processors programmed
with solution A. A minimal-time solution A,,;, for a given network topology will be a solution such that
the firing time for a network of any given size (with the given topology) programmed with the algorithm
Apin will equal the minimum firing time of the network. Note that even though the network can be of



arbitrary size, the size of the algorithm A,,;, must be fixed. The topology we consider in this paper is the
most general possible, an arbitrary directed network of bounded degree?.

3 The Results

To prove Theorem 1, we will first prove two lemmas.

Definition 1 Given a graph G, define 1(v) to be the set of edges with terminal vertex v. For e € I(v'),
define d.(v,v") to be the length of the shortest path from v to v' such that the final edge in the path is e.
Then for two vertices v,v' € G, define d*(v,v') to be maxy ¢y(yr) der (v,0").

Lemma 1 Let G = (V, E) be a general directed network with degree at most §. Then the minimum firing
time for the general directed network topology with degree bound § running on G is max,cy{d*(root,v) +
max, ey d(v,v')}.

Proof. We need to prove two things. First, we show that any solution must take at least this long on
any given network. To get a contradiction, fix a solution A that runs in time strictly less than this on some
network N, and let v and v’ be two vertices that achieve the above maximum. So the running time of A on N
is d*(root,v) +d(v,v") — 1. Let e = (Vprey,v) € I(v) be the edge that satisfies the maximum in the definition
of d*. Replace the edge e with a string of edges and vertices as follows: vp.., — v should transform into
Uprey —> U1 = V2 — ... = v, — v for some large number n. We claim that the computational transcripts
of all nodes common to both networks are exactly the same through time d*(root,v) — 1. Note that up
until this time in both networks, the edge e has been transmitting only the quiescent value to v. Thus up
until time d*(root,v) — 1, all common nodes in both networks will have exactly the same computational
transcripts. So because there are no other modifications, for each i, at time d*(root,v) + i, the nodes at a
distance i from v in network N' might have different states from their counterparts in network N. However,
this implies that v' must fire at the same time in both networks. If we choose n large enough, because the
argument is independent of the value of n, this is clearly impossible.

Next, we must show that, given a fixed network N, there exists a solution that fires in time at most
maxy, ey {d*(root,v) + d(v,v")}. Consider a solution A for FSSP that runs on general arbitrary strongly-
connected digraphs. We modify this solution to get another solution A’ that runs in minimal-time by running
a second protocol in parallel to the original A. Release tokens that check (in a breath-first manner) whether
the network follows the structure of N. Note that if we allow the tokens to keep track of the network
structure that they have “seen” thus far, it is possible for each non-quiescent vertex to have pre-knowledge
of when the next token should come in and what it should have thus far seen. If a token reaches or does
not reach (in the case that a token in expected to arrive and does not) a vertex that is not consistent
with the structure of N, then the vertex immediately sends out “USE A” breadth-first tokens. We claim
that such tokens, if released from a vertex, have the time to reach every vertex in N before or at time
maxy, ey {d*(root,v) + max, cy d(v,v')}. Assume that there exists a vertex or edge that is inconsistent with
the structure of N. It will take time at most d*(root,v) for the breadth first tokens to first be released by
the offending vertex v. Once released it takes time max, ey {d(v,v')} for the tokens to reach every vertex
in the network. Thus, either all network nodes receive “USE A” tokens or they do not before or at time
max,cy {d*(root,v) + max, cy d(v,v")}. If the vertices receive a “USE A” token, they use the protocol from
the original algorithm A and if not, they simply fire at time max,ecy {d*(root,v) + max, cy d(v,v")}. m|

Lemma 2 The two statements (a) “There exists a constant § such that there exists a minimal-time solution
for general directed networks with degree bounded by 6.” and (b) “For any constant §, there exists a minimal-
time solution for general directed networks with degree bounded by 6.” are equivalent.

2The topology must be of bounded degree so that the automata can distinguish between their various in and outports.
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Figure 1: This figure illustrates the transformation from multiple copies of a known automata solution A to
the conglomeration A’.

Proof Sketch. (b) implies (a) is obvious. We therefore concentrate on showing (a) implies (b). Fix the
constant ¢ in statement (a). We claim that for networks with degree smaller than §, the same solution will
work because the minimum firing time of G is independent of § by Lemma 1. For networks with degree
&' strictly greater than §, we can form a new solution from the old solution as follows: For every node N,
split N into as many nodes of degree § as necessary. In other words, form an inward binary search tree
towards the node and an outgoing binary search tree away from the node with both binary search trees
degree-bounded by §. We can now connect the wires corresponding to the links in the original network. See
Figure 1. In the figure, we assume that we know the transition function of the A automata. The transition
function of the automaton A’, the conglomeration of all of the A’s, can be determined as follows.

The state of A’ is defined uniquely by the states of the A’s and the inputs and outputs of each A within
the conglomeration. Given a vector of input values to the automata A’, the output vector after a single
time step will consist of the computational transcripts of every A automata within A’ if we allowed 2log; §’
“internal” time steps to elapse. Note that we are allowed to perform this simulation because both § and ¢’
are constants of the network. The A’ automata fires if and only if its internal A automata fire during some
“internal” time step.

It is then possible to show that the firing time arising from this construction is in fact minimal via Lemma,
1. The basic idea behind this calculation is to note that each edge is elongated by a factor of 2logs ¢’ (logs &’
inwards and logs 6’ outwards) which causes the minimum firing time to gain a similar factor. However, the
internal simulation of 2logs ¢’ time steps down to a single time step by A’ compresses the running time by
exactly the same factor. The actual calculations are somewhat tedious and are therefore omitted. a

The remainder of this section will be devoted to proving Theorem 1.

If there exists a minimal-time solution for the general directed network topology, then there exists a
deterministic algorithm in the RAM model of computation that can exactly determine the diameter
of a general unweighted directed graph in time O(ED log, D (log,n)?) where E is the number of
edges, D 1is the diameter of the graph, and n = |V| is the number of vertices.

Proof (rest of Section 3). We will assume that we are given an arbitrary directed graph G = (V, E) and
are operating in the RAM model of computation. Tarjan’s strongly connected components algorithm can be
used to determine in time O(V + E) time whether the graph has infinite diameter or not. We will assume that
the diameter is found to be finite. (In other words, Tarjan’s algorithm returns a single strongly connected
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Figure 2: This figure illustrates the transformation from G’ to G" (k).

component.) We now proceed with a series of transformations of the graph G. Note that via Lemma 2,
as long as we can show the resulting transformation is degree-bounded by some constant, it doesn’t matter
what the constant is.

3.1 Transforming G to G’

The first transformation takes the inputs of v, for each v € V, and extends them to be of length %log2 n
that cascade inwards so as to form a incoming binary tree towards v. Note that log, n is sufficient for
this operation; the reason for extending the natural length will become clear below. We perform a similar
operation on the outgoing edges. We then connect the wires corresponding to the edges in G. The result
is similar to the illustration in Figure 1 except for the fact that the final outgoing and incoming edges are
extended by an additional %log2 n. Note that we have reduced the degree of the graph to at most 2. Call
this transformed graph G' = (V', E'). We will later refer to the vertices of G inside of G'. This will refer to
the set of vertices at the roots of the incoming (and hence outgoing as well) binary trees.

3.2 Transforming G’ to G"(k)

We now create a graph G" (k) from G'. First, create n bidirectional paths of length k, for some number &k >
3log, n to be determined later. For ease of communication, we will henceforward refer to these bidirectional
paths as connectors. Connect one end of each of these connectors to a vertex in G. (Note that each vertex in
G is both the end of a connector and a vertex in G’ as well.) Create a root node and have the root cascade
outputs outwards, each branch of length log, n. Have these link up with the other end of the connectors. In
a similar way, have edges cascade inwards towards the root, each of length log, n, from each path linking up
with the same vertices. Note that the two binary trees going into and out from the root do not touch except
at their leaf vertices (at the ends of the connectors) and at the root. Finally, delete all nodes of incoming
and outgoing binary trees that are not used for going from a node in G or the root to another node in G or
the root. Then we obtain a strongly-connected directed graph, and this is G” (k). Note also that G"” (k) has
bounded degree. See Figure 2 for an illustration of this process.

3.3 Calculations

Consider the quantity f(v) = d*(root,v) + max, ey 1) d(v,v') for each vertex in v € V" (k). The firing time
of the network is max,cy»(x) f(v) by Lemma 1. Our overall goal will be to determine this value.



First, we split the vertices in V' (k) into four major subdivisions and consider f(v) for v in each subdivi-
sion. (A brief spoiler: It will turn out that the maximum value of f(v) will occur in the fourth subdivision
we consider. We need to calculate the function values for each of the other subdivisions in order to be sure.)

1. All vertices in the lower two binary trees, the final set of edges linking up with the root. It is
clear that d*(root,v) = d(root,v) for vertices in this subdivision (with the exception of the root itself).
Within this subdivision, consider vertices v that are oriented by their edges away from the root such that
d(root,v) = i < log,n. Note that the vertex v' € V" (k) that maximizes d(v,v") will be somewhere in G'.
The “cheapest” way to get there will be to head back to the root because the expense of jumping from
one vertex to another in the graph G' is 3log, n and this is more than the jump back to the root and
to another path. Thus, d(v,v') = (logon — i) + 2logsn + k + (3logan — 1) = 6logen + k — i — 1 and
f)=1i+d(v,v') =6logon+k — 1.

Now consider vertices v in the same subdivision that are oriented towards the root such that d(root,v) =
log, n + 4. By the same arguments, the same bound applies and thus f(v) = 6log, n+ k — 1 as well. Finally,
note that f(root) = 6log,n + k — 1 as well. (These values will turn out to be smaller than other potential
values of f(v) for other subdivisions; hence we will be able to assume that v is not located in either binary
tree and these calculations will not contribute to the final determination of the firing time.)

2. The set of vertices in the connectors. (Note that this set has nonempty intersection with V'.) Via the
following lemma, we will show that only vertices in V need to be examined to find the maximal f value.
These vertices will therefore be separated into their own subdivision below.

Lemma 3 Within the connector subdivision, the function f is nondecreasing with increasing distance from
the root.

Proof. Consider any vertex v within a connector that is not the furthest possible from the root. Let vyezt
be the vertex one unit further from the root. Consider f(v). Let v' be a vertex satisfying the maximum in
the definition of f. Then d(vyezt,v') > d(v,v") — 1. Because d*(root, Vnezt) > d*(root,v) + 1, we have

f(Unewt) = d*(root, Vpegt) + max  d(vnegt,v"’) >
W eV (k)

d*(TOOt; ’U) + 1 + d(vneztavl) Z d*(TOOt,'Z)) + 1 + d(UJ vl) -1= f(’l))
O

By the above lemma, we can assume without loss of generality that when locating the maximum within
the connector subdivision, v is the vertex on the connector furthest from the root. However, this reduces us
to only searching vertices V' in the original graph G C G’. This will be the next subdivision we consider.

3. The vertices in the original graph G, namely V. We claim that Vv € V,3' € V' — V such that
f@") > f(v). In fact, note that the vertex v’ on the terminal of any input from v will satisfy this claim. We
omit the details due to space constraints.

4. V' — V. Let v be a vertex that maximizes f(v) within the set V! —V (i.e. f(v) = maxycy—y f(v")).
We will assume throughout this section without loss of generality that d(G,v) = i for some ¢ > 1. Then
d*(root,v) = logyn + k + 1. Let v’ satisfy the maximum in the definition of f. Our goal is to determine
the various values that f(v) might take depending on where v’ winds up being. First, however, we need a
preliminary lemma. For the remainder of the paper, let the quantity d,(v,v") (resp. d,(v,v")) be the length
of the shortest path from v to v' that does (resp. does not) pass through the root.

Lemma 4 Assumev € V' —V. Then the vertex v' that mazimizes d(v,v') cannot be in either of the bottom
binary trees assuming k > 3log,n and D > 2.



Proof. If k > 3log, n, then there exists a vertex v’ in the connector located 2log, n above the bottom of the
connector. Note that

d,(v,v") = 3logyn — i+ k +2logyn + 2logyn = Tlogon + k — 4

and
dy(v,v") = 3logon —i +3Dlogyn + (k —2logyn) > Tlogyn + k — i

Thus d(v,v') = Tlog,n + k — i whereas the furthest vertex from v located within either binary tree is a
distance 3logyn — i+ k +logyn +logon —1 =5logon+k—i—1. O

If v € V! — V, there are several cases to consider for the location of v’ and the behavior of the shortest
path from v to v'. By the above lemma (Lemma 4), we only need to consider v’ that lie within G’ or the
connectors.

e Assume that v € V! — V, v’ € V', and the shortest path from v to v' passes through the root. Then
f) =logyn+k+i+(3logy n—1i)+k+logy, n+log, n+k+j where d(G,v') = j < 3logy n. Maximizing
over the possible values of v' yields a total value of 9log, n + 3k — 1.

e Assume that v € V' =V, v/ € V', and the shortest path from v to v’ does not pass through the
root. Then the path from v to v’ must remain entirely inside G'. f(v) = logon + k + i + (3logyn —
i) + 3D log, n + j where d(G,v') = j. Once again maximizing over the values of v', we get f(v) =
(7+3D)log,n + k — 1 in this case.

Remark: It is worth noting at this point that by examination of the calculations above, Jv € V' -V, 3’ € V'
such that
f(v) = min{d*(root,v) + d,(v,v"),d*(root,v) + d.(v,v')} =

min{(7 + 3D)log,n+ k —1,9log, n + 3k — 1}

In fact, we can pinpoint two vertices that fit the bill: Assume that two vertices a and b in G are the initial
and terminal vertices of a path that equals the diameter of G. In G"(k), consider the equivalent vertices. If
we let v be anywhere on an incoming binary tree to a (not a itself) and we let v' be a furthest vertex from
b on its outgoing binary tree, then the pair v and v' will satisfy the equalities above.

e Assume that v € V' — Vv ¢ V' and the shortest path from v to v’ passes through the root. Note
that v’ is therefore in a connector. In this case, f(v) =logyn + k + 3logy n + k + logy n + d(root,v').
We also have that d(root,v') =logyn + k — d(v',G). So finally we get f(v) = 6logyn + 3k — d(v', G)
in this case.

e Assume that v € V' =V, v ¢ V', and the shortest path from v to v' does not pass through the
root. Again, v’ is in a connector. In this case, f(v) = log,n + k + 3logy, n + 3Dlog, n + d(G,v') =
(4+3D)logyn + k +d(G,v").

Note that each of these values is larger than the values calculated in any of the other subdivisions. Thus,
we can conclude that the function f(v) is mazimized just when v € V' — V. For the remainder of the paper,
we will concentrating exclusively on this case.

Lemma 5 Assume thatv € V' =V, and v' ¢ V'. A vertex v' that mazimizes d(v,v") will be such that

|dy (v,0") = dp(v,0")] <1



Proof. By Lemma 4, v’ is within a connector. Consider any v’ within a connector such that |d,(v,v") —
dr(v,v")| > 2. Assume without loss of generality that d,(v,v') > d,(v,v"). (The other case is symmetric.)
Then d,(v,v") > dr(v,v") + 2. Consider the vertex v" that is one “higher” than v’ (i.e. the vertex that is
one unit closer to G'). Then we have that d.(v,v") = d,(v,v") + 1 and

dp(v,0") =dp,(v,0") — 1> dp(v,0") +1 = d(v,v") =d,.(v,0") + 1
Because d,,(v,v') > d.(v,v'), we have that d(v,v') = d.(v,v") < d(v,v"). O

Lemma 6 Fox somev € V' —V and some value of k. Assume that v' € V' is the vertex that mazimizes
the value of d(v,v"). If the shortest path from v to v' does not pass through the root, then if the value of k
is increased, for a fized v, as long as v' € V', the shortest path from v to v' will not pass through the root.

Proof. Figure 2. Assume d,(v,v') < d.(v,v"). Increasing k can only increase the value of d,.(v,v") but
does not affect the value of d,(v,v'). O

Lemma 7 Assume thatv € V' —V andv' & V' for some value of k and that v' is the vertex that mazimizes
the value of d(v,v') (and is therefore in a connector by Lemma 4). Then with increasing values of k, v' will
remain in the connector subdivision.

Proof. Note that if o' ¢ V' then the distance from v to v’ is greater than from v to any vertex in V.
Increasing the value of k only increases the distances of vertices outside of V. O

Lemma 8 Assume that v is the vertex that mazimizes the function f(v). (Then, by the above discussion,
v eV —=V.) Let v' be the vertex that mazimizes the value of d(v,v"). If k > 4Dlogsn and D > 2, then
o' gV,

Proof. Figure 2. If v € V' — V| then an obvious upper bound on the distance from v to any other vertex
in V' is (3D + 2)log, n. O

3.4 The Algorithm

We now outline the algorithm we use to determine D. First, we determine whether D = 1 by checking
whether every vertex is connected to every other vertex. This takes time O(V + E). Now, starting from
k = 3log, n, we simulate the minimal-time solution on the network G” (k) and note the firing time. Note
that once we examine the firing times assuming the four possible locations of the vertex v, we conclude that
the maximum value of f(v) is achieved when v is in V' — V. Thus, for the remainder of this section, we will
implicitly assume this. The firing time must satisfy one of the four values calculated above for this situation.

If the firing time is 9log, n + 3k — 1, then double the value of k¥ and note the firing time again. (In the
unlikely case that this value happens to be equal to one of the other possible three values, another doubling
of k will suffice to distinguish.) By Lemmas 6 and 7, eventually we will either have v' € V' and a running
time of (7 +3D)logy,n+ k —1 or v' ¢ V'. Note that if v' € V' at this point, then we must have (by the
Remark in Section 3.3)

(7T+3D)logagn+k—1<9logon+3k—1=%> 3

logs n

If we quadruple the value of k, we are therefore guaranteed that k£ > 4D log, n. Thus, quadruple the value
of k and again note the firing time. At this point, we must have v' ¢ V' by Lemma 8.

By Lemma 5, we know that v’ satisfies the inequality |d,, (v, v') —d,(v,v")| < 1. Therefore either prediction
(a) 6logyn + 3k — d(v',G) or (b) (44 3D)log,n + k + d(G,v") for the running time is at most off by 1.
Note that because v' ¢ V', v' must be in a connector and therefore d(G,v') = d(v',G). Because we know
the value of the running time, we can estimate the value of d(G,v") to within 1 using (a). Using (b) and
this value, we can then estimate the value of (4 + 3D)log, n to within 2. The range for (4 + 3D)log, n is
therefore 5 at most. If log, n > 1, then at most a single value of D will satisfy the inequalities.
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3.5 Time Analysis

To analyze the running time of the algorithm, we note that for a given value of &, to simulate the minimal-
solution on the network V' (k) in the RAM model of computation requires time proportional to the product
of the number edges and the firing time. The firing time for any given value of k is clearly O(D log, n)
because k¥ = O(Dlog,n). The number of edges in the graph has been increased from E to O(Elog,n).
Thus the total simulation time is O(ED log, D (log, n)?). |

4 Conclusions and Open Problems

In this paper, we have given a constructive proof that if a minimal-time solution exists for a fundamental
distributed computation primitive, synchronizing a general directed network of finite-state processors, then
there must exist an extraordinarily fast O(ED log, D (log, n)?) algorithm in the RAM model of computation
for exactly determining the diameter of a general directed graph. This result opens up a number of very
promising areas of research, the most obvious of which seem to be the following.

e Is this the best possible correspondence? If a minimal-time solution for the FSSP on the general
directed network topology does happen to exist, is O(ED log, D (log, n)Z) the best we can possibly
do? Note that practically no effort was made to improve the simulation of the FSSP solution.

e Are results possible in the other direction? To date, there have been no results (to the author’s
knowledge, at least) that relate fast algorithms in standard models of computation such as the RAM
model or the Turing Machine model to protocols for intercommunicating finite-state automata. Such
a result would be extremely interesting.

e The approximation angle looks like a very promising area of research. If there exists an “almost”
minimal-time solution, does it say anything about the algorithm for the diameter problem?

e What other problems can be related to the FSSP on various other topologies? It seems as if other
natural topologies might (probably, should) have similar “natural” correspondences like this one.
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