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ABSTRACT

Recentadvancesn storagdechnologyhave enabledsystems
like StorageArea Networks, where disks are attacheddi-
rectly to the network, ratherthanbeingunderthe control of
asingleprocessln suchanervironmentthereis no apriori
boundon the numberof processeshat may accesghe net-
work attachedlisks,andsouniformimplementationsrede-
sirable thatis, implementationshatdo notrely onthenum-
berof processesNeinvestigatdhow to usenetwork attached
disks, wheresomedisks may crash,asa sharedcommuni-
cationmedium. To do so, we modeldisk blocksas Multi-
Writer Multi-Reader (MWMR) sharedmemory registers
that may fail by crashing. We study whethera finite num-
berof suchfail-proneregisterscanbe usedto uniformly im-
plementvarioustypesof fail-free target registers: wait-free
atomic, atomic, and wait-free sequentiallyconsistent. For
eachof thesetypes,we determinethe implementabilityof
Multi-Writer Multi-Readerregisters, Multi-Writer Single-
ReaderegistersMWSR), Single-WriterMulti-Readerreg-
isters (SWMR) and Single-Writer Single-Readeregisters
(SWSR). For example, we shov that thereis no uniform
atomicimplementationrof a MWMR register usingfinitely
mary baseregisters,evenif theimplementatiomeednotbe
wait-free. On the positive sidewe show thatwith infinitely
mary baseregistersthenall typesof registerscanbeimple-
mented.This openghequestionof how to translatauniform
sharedmemoryprotocolsthatuseMWMR registersto use
network attachedlisks.

*HP LabsSystemd&ResearciCenter 1501PageMill Road,Mail Stop1250,
Palo Alto, CA 94304 ,aguilera@hpl.hp.com

tUniversity of California at Los Angeles,Dept. of Mathematics).os An-
geles,CA 90095-1555englert@math.ucla.edu

fUniversity of Californiaat Los Angeles,Dept.of ComputerScienceLos
Angeles,CA 90095-1555¢li@cs.ucla.edu

Permissionto malke digital or hard copiesof all or part of this work for
personalor classroomuseis grantedwithout fee provided that copiesare
not madeor distributedfor profit or commercialadvantageandthatcopies
bearthis noticeandthefull citationonthefirst page.To copy otherwiseto
republishto poston senersor to redistritute to lists, requiresprior specific
permissiorand/orafee.

Copyright 200X ACM X-XXXXX-XX-X/XX/XX ...$5.00.

Burkhard Englertf

Eli Gafnit

1. INTRODUCTION

Recentadvancesn storagetechnologyhave enabledsys-
temslike StorageArea Networks, which have network at-
tacheddisksor NADs. A NAD is a simpledevice thatjust
executegequestdo readandwrite blocksof data.It canbe
accessethy arny processn thesystemsothatthe NADs ef-
fectively becomea sharedstoragemediumthatcanbe used
to solve distributed problemssuchasconsensusasin Disk
Paxos[27]. Unlike message-passirgystemswhich typi-
cally requirea majority of processeso be correctto avoid
partitioning, NADs allow protocolsthat can withstandthe
crashof any numberof processesTherefore—lile corven-
tional shared-memorynodels—themodel allows uniform
protocols[13, 26, 30], i.e., protocolsthat do not requirea
priori knowledgeof or an upperboundon the numberof
processethatmay participate.

One difficulty of this modelis that a NAD can fail by
crashingand therebybecomeinaccessible. It is desirable
to masksuchfailuresand emulatethe corventionalshared-
memoryabstractionin whichmemorydoesnotcrash.There
are mary existing sharedmemoryalgorithms, particularly
uniform and adaptve [2, 3, 6, 7, 8, 9, 10, 11, 12, 14,
16, 17, 18, 19, 20, 22, 23, 28, 29, 33, 34, 35] ones,
that use Multi-Writer Multi-Reader(MWMR) registersto
solve known problems. As an example, considerMutual-
Exclusion(MX) [24]. LamportsfastMX [32]—thoughnot
a uniform algorithm—usesMWMR registersin its ‘fast-
track’, while Attiya and Bortnikov [15] proposea uniform
MX protocol,which out of necessityesortso MWMR reg-
isters.We thereforeask: Canwe uniformly implementsuch
registerswith NADs? Suchanimplementatiorwould allow
anautomatictranslationof theseMX algorithms,andmary
othersto useNADs.

We modeleachdisk block of a NAD asa sharedregister
thatmayfail, andthe goalis to implementa sharedregister
thatdoesnotfail. While [4, 5, 31] do exactly thatin a wait-
freemannerthegivenimplementationarenotuniform. The
numberof baseregistersrequiredgrows asthe numberof
processegrows.

In this paper we study the uniform implementability
of fail-free sharedregistersin various settings. We con-
sider three types of registers: wait-free atomic, atomic,



and wait-free sequentiallyconsistent. For eachof these
types, we consider Multi-Writer Multi-Reader registers
(MWMR), Multi-Writer Single-Readeregisters(MWSR),

Single-WriterMulti-Readerregisters(SWMR) and Single-
Writer Single-Readerregisters (SWSR), and determine
whethereachone canbe uniformly implementedwith a fi-

nite numberof fail-pronebaseregisters.

For example,we shaw thatno suchimplementatiorexists
for aMWMR register evenif theimplementatiomeednot
be wait-free. On the otherhand,thereis animplementation
of a SWMR register (when processesirereliable). There-
fore, onecannotusethestandardechniqueof implementing
a MWMR registerby first implementingSWMR registers:
doing sowould blow up the spacecomplexity. (This opens
the questionof whetherthereis animplementatiorthatuses
infinitely mary registerswith aconstannumberof stepsper
operation.) Thus, at the currentstateof affairs, in orderto
translatea uniform shared-memonrglgorithm(suchasMX)
to useNADs, oneneedgo “openthebox”. Thisleavesan-
otheropenquestiorof whetheronecanidentify larger“mod-
ules” in thesealgorithms,suchthat thesemodules—rather
than registers—carbe implementedwith NADs. Alterna-
tively, onemightrealizethatthesealgorithmsdo not require
thefull powerof atomicity, andimplementawealerregister

On the positive side, we show that the three types of
MWMR, MWSR, SWMR and SWMR registershave a uni-
form implementatiorevenin theinfinite-arrival model[28],
if the numberof baseregistersis infinite. This implemen-
tation spreadsegistersacros2t + 1 disks—eaclhdisk with
infinitely mary registers—sucthat all registersof upto ¢
disksmaycrash.

In summary the possibility and impossibility resultsin
this paperareshavn in Tablesl, 2, 3 and4.

TABLE 1. Uniform wait-freeimplementabilityof atomic

Single-Reader Multi-Reader
Single-Writer Yes No
Multi-Writer No No

registers usingfinitely manybaseregisters.

TABLE 2. Uniform implementabilityof atomic registeis
using finitely manybaseregisteis whenprocessesre reli-

Single-Reader Multi-Reader
Single-Writer Yes Yes
Multi-Writer No No

able
Single-Reader Multi-Reader
Single-Writer Yes No
Multi-Writer Yes No

TaBLE 3. Uniformwait-freeimplementabilityof sequen-
tially consistentegistels usingfinitely manybaseregisters.

Single-Reader Multi-Reader
Single-Writer Yes Yes
Multi-Writer Yes Yes

TABLE 4. Uniform wait-freeimplementabilityof atomic
registers usinginfinitely manybaseregisters.

Relatedwork

Uniform protocols,.e., protocolsthatdo notrequireapriori
knowledgeof the numberof processed the system,have
beenstudied(e.g.,[13, 30]), particularly in the contet of
ring protocols.Adaptive protocolsj.e. protocolswhosestep
compleity is a function of the size of the participatingset,
have beenstudiedin [6, 7, 8, 16, 23, 33]. Long-livedadap-
tive protocolsthatassumesomehugeupperboundN onthe
numberof processedyut requirethe complexity of thealgo-
rithm to be a function of the concurreng have beenstudied
in[2,3,9,10,11,17,18, 19, 20, 29, 34]. A sharedobject
systemwherethe baseobjectscanfail wasfirst investigated
by [31], which studiestheimplementabilityof fault-tolerant
objectsfrom objectsthat canfail andit considersbothreg-
istersandconsensusbjects. For registers,it shavs how to
implementafault-tolerantvait-freeMWMR atomicregister,
but the paperdoesnot concernitself with uniformity and,in
fact,thegivenimplementations not uniform.

Recently Chocklerand Malkhi [22] gave an implemen-
tation of Disk Paxos[27] on a StorageArea Network us-
ing Active Disks [1, 36] that supportsunmediatedcon-
currentdataaccesshy an unlimited numberof processes.
The implementationis basedon the use of read-modify-
write objects. Theseobjectsarereadily availablein Active
Disks. Since,however, it is impossibleto implementareli-
ableread-modify-writeobjectfrom acollectionof fail-prone
ones[31], theirimplementatiorusesread-modify-writeob-
jectsto emulatea new sharedmemory abstractionwhich
they call arankedregister. Sucha ranked register asthey
furthermoreshaw, cannotbe implementedn the given set-
ting, usingjust read/writeregisters.

Our NAD modelis different from the one in the Disk
Paxospaper[27]. In thatpaper the systemis synchronous,
sothatif a processssuesawrite requestandthe disk does
not respondwithin the expecteddelay the processknows
thatthe disk hascrashed.Thus,eitherthe requestwvasexe-
cutedbeforethe crash,or it will never be executed.In our
paperwe assumeanasyntironousmodel,wheredisksmay
be arbitrarily slow in responding;while the disk doesnot
responda pendingwrite cantake placeatary time.

Theproofsof ourimpossibilityresultsusetheideaof cov-
ering registers,first proposedn [21] to shov somebounds
on the numberof registersnecessaryor mutual exclusion.
However, our situationis harderthanfor mutualexclusion:
with mutual exclusion, it is possibleto directly get a con-
tradiction by carefully running concurrent‘get mutex” op-
erationssoasto cover baseregisters,in orderto completely
hide some*“get mutex” operation;once suchan operation
is hidden, one immediately gets a contradictionby hav-



ing anothemprocessimultaneouslgnterthecritical section.
With registers thisis not the case:thereis no contradiction
whenawrite is completelyhiddenwhile thereareconcurrent
writesbecausdt is possibleto linearizethewritesin ary or-
der. Therefore,our proof argumentsare significantly more
complicated.Furthermorejn additionto coveringwrites—
which areobtainedby freezinga processn the midstof its
operationwhenthe processs aboutto write—we alsoneed
the notion of a pendingwrite—which is a write left in the
systemafter a processhasterminatedits operation. Such
writescanoccurin our modelbecausaregistermayappear
to have failed.

1.1 Roadmap

This paperis organizedas follows. We explain our in-
formal model of sharedobjectsin Section2. In Section3
we considewait-freeimplementationgn systemswvhere,in
addition to registers,processesnay also fail by crashing.
Then,in Section4 we considerthe casewhenprocesseare
reliable, and only the registersmay fail. We considerse-
guentiallyconsistentegistersin Section5. In Section6 we
considerthe caseof infinitely mary baseregisters. Due to
spacdimitations, in this paperthe proofsareabbreviatedor
omitted. Thefull proofscanbefoundin thefull version.

2. INFORMAL MODEL

We considera distributed systemwhere processehave
sharedaccesgo a setof network attachedlisks.

Processes.Processefave uniqueid’s, but they do not
have ary informationaboutthe numberof processe the
system. In particular the protocolscannotrely on ary
boundson the maximumnumberof processeshat partici-
pate. For the strongestesults,for impossibility we assume
thefinite-arrival model[28], in which only a finite number
of processetake stepsin ary givenrun, while for our algo-
rithmswe assumeheinfinite-arrival model

We considertwo casegegardingresilieny of processes:

in the first case,processesnay fail by crashing,andin the
secondcase processeareassumedo bereliable(fail-free).
In the former casewe areinterestedn wait-freeimplemen-
tations, i.e., implementationghat guaranteethat a correct
procesgerminatedts operationin a finite numberof steps
regardlesof thefailure of otherprocesses.

Network attacheddisks. Processelsave access$o asetof
network attachedlisks,andeachdiskis dividedinto blocks.
We modeleachblock asasharedegister sothatadiskis an
array of sharedregisters. For someof our results,we view
thesystemasa pool of sharedegisters,andit doesnot mat-
ter how they are separatednto disks. The sharedregisters
supporttwo operationsreadandwrite, which maybeissued
concurrentlyby mary processesThe correctnesgsondition
for concurrentaccesss eitheratomicity (linearizability) or
sequentiatonsisteny.

The systemis asyntironous meaningthat there is no
boundon the time it takesfor registersto respondto op-
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Figure 1: Processp may complete its operation while
leaving a pending write on registerrs.

erations. Registersare subjectto failures. A register crash

occurswhenthe register stopsrespondingo its operations
[31]. We saya diskis faulty if it hassomecrashedreg-

ister A full disk crashoccurswhenall the disk’s registers
crash.Ourimpossibilityresultshold evenif asingleregister
may crasi, while our algorithmsallow a boundednumber
of disksto befaulty, possiblyexperiencingfull disk crashes,
evenwhenthecrashof adisk affectstheinfinitely mary reg-

istersof thatdisk.

To prevent processesfrom blocking when a register
crashesyve allow processe$o issuemary nonblockingre-
guestgo differentregisters.For example,while runningthe
implementatiorof someOPERATION, a procesgp may is-
sueconcurrentwritesto registersry, ro andrsz, asshavnin
Figurel. Theprocessnaydecideto completeOPERA ION
evenwhile thewrite to 3 is still pending.In fact,theprocess
mayberequiredto doso,because; mayneverrespond But
r3 mayturnoutto bejust slow, andthewrite maytake effect
farin thefuture.

Without loss of generality we assumehata procesawill
not attemptto executesimultaneoumperationon the same
register This assumptions not restrictve anddoesnot af-
fectary of ourimpossibilityresultsor algorithms(if the pro-
cessvishego invokemultiple operation®nthesameobject,
it cansimply issueoneoperationand“‘remember’the other
operationsn its state,issuingthemat a latertime. This of
courseimplies thatimplementationsnay leave somecode
runningin thebackground).

Wewouldlik e to implementregistersthatdo notfail using
fail-proneregisters. In orderto differentiatethe baseregis-
ters from the desiredtarget registers,we denotethe oper
ationson the former by read and write, and on the latter
by READ and WRITE. In addition,we also usecapital
lettersto referto the READERS and WRITERS of tar
get registers,and lower capitalsto refer to the readersand
writesof baseregisters.To getthe strongespossiblempos-
sibility results,we assumehatour baseregistersare Multi-
Writer Multi-Reader(MWMR registers),meaningthatthey

1This correspondso the unresponsie modein [31].

20ur impossibility resultswould also hold in a modelwherewhole disks
crashatonce thatis, it is notlegalfor aregisterto crashwithoutall registers
of thatdisk crashingsimultaneously



canbe reador written by multiple processesin fact, by all
processef the system).We studythe implementabilityof
mary typesof targetregisters,including not only MWMR
but alsoregistersthatsupportonly asingledesignatedvriter
but multiple readers(SWMR), a single designatedeader
but multiple writers (MWSR), or a singlewriter andsingle
readeSWSR).

3. WAIT-FREE ATOMIC REGISTERS

We now considera systemwhereboth registersand pro-
cessegnay crash,and study the uniform wait-free imple-
mentabilityof atomicregistersusinga finite numberof base
registers,oneof which may fail by crashing.We first shav
thatit is impossibleto implementa SWMR register This
resultimplies a fortiori thatit is impossibleto implementa
MWMR register It turnsoutit is alsoimpossibleto imple-
menta MWSR register andthis resultwill follow directly
from Theorem2 in Sectior4.1.

We thengive a simpleimplementatiorof a SWSRregis-
ter. Thustheimplementabilitysituationis the oneshavn in
Tablel.

3.1 Impossibility result
In thefull paperwe show thefollowing theorem:

THEOREM 1. Let S be a finite set of wait-free atomic
MWMR registers and supposehat one of themmayfail by
crashing Thenthereis nouniformwait-freeimplementation
of anatomicSWMRregisterusing S.

3.2 Possibility result

It is very easyto implementa wait-free atomic SWSR
register with only three baseregisters, by using sequence
numbersin the obviousway: To WRITE, issuea write to
all threeregisters and wait for two of themto complete.
To READ, readfrom two out of threeandpick the largest
sequencenumberamong the read valuesand the largest
sequencenumberever seenbefore. This implementation
works becausg1) the sequenceaumbermakesit impossi-
ble to READ valuesout of order and (2) if a WRITFE
completes,a subsequenREAD will either seethe value
WRITTEN or alatervalue.

Thisimplementatiorallows onebaseregisterto fail, but it
is easyto extendit to allow ¢ baseregistersto fail by using
2t + 1 ratherthanthreebaseregisters.

4. ATOMIC REGISTERS

Evenin asystemwhereprocesseseverfall, it is impossi-
ble to implementa MWMR registerwith finitely mary base
registers. In fact, we show thatit is impossibleto imple-
mentthewealer MWSR register Curiously it is possibleto

3If one of the registers has a pending write issuedduring a previous
WRITE, thenthe WRITER just forks a backgroundtaskto issuethe
write assoonasall previous writes have finished.

implementa SWMR register(with finitely mary baseregis-

ters), and we provide the implementation. This is in con-

trastto the casewhen processesnay fail. Thus, the im-

plementabilitysituationfor finitely mary baseregistersis

shavn in Table2. Of course,if infinitely mary basereg-

istersare available, we can simply usethe implementation
of Section6, sinceanimplementatiorthattoleratesprocess
crasheworksfine in theabsencef suchcrashes.

4.1 Impossibility result
We shaw thefollowing theorem:

THEOREM 2. LetS beafinite setof atomicMWMRreg-
isters and supposethat one of themmay fail by crashing
Evenif processeseverfail, there are no uniformimplemen-
tationsof an atomicMWSRatomicregisterusing S.

To provethistheoremsupposéhatthe systemhass base
registers,one of which may fail. The proof is by contra-
diction: assumehatthereis a uniformimplementatiorof a
Multi-Writer Single-ReadeatomicREGISTER We assume
thatthesingle READER is differentfrom the WRITERS
(otherwisejustforgetaboutthefactthatthe READER is al-
lowedto WRITER—we getoneless WRITER, but there
arestill infinitely mary).

Throughouthis proof,we considerunsin whicheachop-
erationonabaseregisteris linearizeddeterministicallywhen
the operationreturns. This is a valid behaior for atomic
registers,sinceoperationcanbelinearizedat ary point be-
tweentheirinvocationandreturn.

At ary pointin arun, a configurationS = (Sp.c,Sg,
Spend) consistsof the stateS,,,,. of eachprocessthe state
Sr of eachbaseregistef, andthesetS,.,.q of pendingoper
ationsonbaseregistersj.e.,operation®nbaseegistersthat
have beenrequestedut have not yet beenexecuted. Note
thata processannotobsene the whole stateof the system:
in fact,it doesnot know the stateof otherprocessesr the
setof pendingoperationsssuedby otherprocessesThus,
asfar asits executionis concerneda processonly seesits
own stateandthe stateof theregisters.

Elementf S,,c,.4in areof theform (p, op) meaninghat
p hasissuedoperationop, whereop couldbeeitherareador
awrite for somevalueon someregister In thisproof,weare
only concernedaboutpendingwrites,andwe will therefore
ignorethe pendingreadsin Spey,ding-

Notethatapendingwrite is differentfrom acoveringwrite
[21]: thelatteris obtainedby freezinga procesghatis about
to issueawrite, while theformeroccursif aprocessssuesa
write but doesnotwait for it to complete.

DEFINITION 2.1. We say that a configuation S =

(SRrsprocvSpending) is
e possibly-no-pending if there existssomeconfigumation
(of somerun) that is identical to S exceptthat any

4This malessensesincewe considerunsin which baseregisteroperations
arelinearizeddeterministically




subsetof its pendingopemtions have beendropped.
In otherwords, for every X C Spending there exists
S" = (SR, Sp0e: X), Whee the statesin S}, are

identicalto S, exceptfor processesvith operations
in Spending \ X15

e No-WRITE if no processesre executinga WRITFE
(accodingto Sproc);

e deceiving if it is both possibly-no-pendingnd no-
WRITE.

Notethatano-WRITEconfiguratiormaycontainpending
operationsbecaus@aprocessnayhavefinishedits WRITE
while someoperationis still pending. Also notethatif a
configurationis possibly-no-pendinghena process is re-
quiredto completeits READ or WRITE evenif asingle
baseregisternever respondsandno pendingoperationsare
flushed. In contrast,if a configurationis not possibly-no-
pendingthenanothemprocess; may have a pendingopera-
tion on someregisterr’ # r, andp might wait for eitherr
to respondor for the pendingoperationon 7’ to be flushed,
sincep knowsthatit is illegal for bothr ands’ to crash.

A no-WRITE configurationhasthe notion of a “current
value” of the REGISTER.This is a valuethatwe could get
if werana READ from thatconfiguration.This valueneed
notbeunique.

We now constructarunin whichwe progressiely getinto
deceving configurationghat have an increasingnumberof
pendingwrites. We first gatherlots of pendingwritesto the
sameregister andthenexplain how to gathempendingwrites
to moreandmoreregistersuntil all s of themhave at least
one pendingwrite. Oncewe have donethat, we geta con-
tradictionasfollows: we executea solo WRITE andthen
completelyeraseall the effectsof the WRITE by flushing
all pendingwrites.

Sohereis therun construction We will usethefollowing:

LEMMA 2.1.If S is deceivingthenwe can extendS to
anotherconfiguation S’ thatis deceivingand containsone
more pendingoperationthan S.

PROOF. Startingfrom configurationS, for eachnew pro-
cesyp (onethathasnot executedyet), considerarun contin-
uationin which p attemptsto WRITFE a “new” value(i.e.,
avaluedifferentfrom a“currentvalue” of the REGISTER).
In sucha continuationnotethatp needso attemptto write
to someregister (elseit is easyto geta contradiction)and
let r, be the registerto which p tries to write first. Since
thereareonly s baseregisters,we canfind two distinctnew
processep andq suchthatr, = r,. Now startingfrom S
again,p executeshe WRITE until it coversr,, i.e., until it
is just aboutto write to r, but we stopp beforeit issueshe
write. Now ¢ executeghe WRITE to completionsuchthat

5Note that when we say “dropped” we do not meanthat the operations
have beenflushed sinceflushingthemwould changetheregisterstate.We
requireS’ to have exactly the sameregisterstateassS.

thewrite to r, is left pending.Finally, we let p completeits
WRITE (i.e.,p writesto r, andthencontinuesexecutingits
WRITE codeuntil completion).Let S’ betheresultingcon-
figuration.NotethatS” hasa new pendingwrite of process;
to r,. In addition,S” is no-WRITE (sinceS wasno-WRITE
andbothp andq completedtheir WRITES) andpossibly-
no-pending(becauset is possiblein a differentrun that ¢

flushedits pendingwrite to r,, right beforep wrote to it).

Thus,S” is deceving. [

We now constructa run R as follows. Start with the
empty run, and notice that the initial configurationis de-
ceiving. Now apply Lemma2.1 sufficiently mary timesun-
til thereexists a single register r; with bignum, pending
writes,wherebignum, is alargenumberwhoseexactvalue
is irrelevantnow. This getsusto a deceving configuration
S1. We now shav how to getto alarge numberof pending
operationon a differentregister

LEMMA 2.2. Supposéehat.S is anydeceivingconfigu@-
tion that containsa pendingwrite on someregister r. If
a new processexecutesa WRITE of a new value starting
from S thenit mustattemptto write to a register different
thanr.

PROOF. If the WRITE never writes or only writesto r
thenwe canflushthewrite to r afterthe WRITE completes
andthiswould completelyhidethe WRITE andwould eas-
ily giveusacontradiction. O

We now shov how to extend S' to geta pendingwrite to
aregisterdifferentfrom r;.

LEMMA 2.3.If S is deceivingand containsi > s + 1
pendingwrites to someregister r thenwe can extend.S to
anotherconfiguition S’ that is deceivingand contains(a)
a pendingwrite to a register differentthan» and (b) i — 2
pendingwritesto r.

ProoF. TakeasubsetX of s+ 1 pendingwritesto » and
for eachx € X chooseadistinctnew processy,,. Consider
the continuationfrom S in which we first flush 2 andthen
q. executesa W RITE of anew value. Now we canapply
Lemma2.2 becauséf we take ary deceving configuration
andflush one of its pendingwrites we still geta deceving
configuration. So, by LemmaZ2.2, ¢, attemptsto write to
someregisterdifferentfrom r. Let r,, bethefirst suchareg-
ister. Since|X| = s + 1 andthereareonly s baseregisters,
we canfind distinctz, y € X suchthatr, = r,. Therestof
the proofis now quite similar to thatof Lemma2.1. More
precisely consideran extensionof S in which we (1) flush
z, (2) make ¢, executethe WRITE of the new value, but
we suspendy, whenit coversr, (3) flushy, (4) make g,
executethe WRITE of the new valueto completion,while
leaving the write to r,, pendingand (5) let ¢, completeits
WRITE. Let S’ betheresultingconfiguration.Thenclearly
S’ contains(a) a pendingwrite to r,, # r and(b) two less
pendingwritesto r thanS. Moreover, S’ is deceving. [



We now continueconstructingour run R startingfrom
S'. We apply Lemma2.3 sufficiently mary timesuntil we
get bignum, writes pendingon a single registerry, where
bignum,, is abig numbemwhosevalueis now irrelevant. Let
S? betheresultingconfiguration.Notethat.S? is now a de-
ceving configurationwith mary pendingwritesto both r;
andrs.

We now explain how to proceedby induction. Sup-
posethat S* is a deceving configurationwith mary pend-
ing writesto r1,... ,r,. We explain how to getto a de-
ceiving configurationS**1 with mary pendingwrites to
T1yeoo s Tht1-

LEMMA 2.4, SupposeS is any deceivingconfiguation
that containsat leastone pendingopemtion on ead regis-
ter r1,...,7,. If a new processexecutesa WRITE of a
new valuestartingfrom S thenit mustattemptto write to a
registerdifferentthanry, ... ,ry.

PROOF. Similarto theproofof Lemma2.2. O

LEMMA 2.5. If Sisdeceivingandcontainsny, ... ,ng >
s + 1 pendingwritesto eadh of registersry, ... , 7, respec-
tively, thenwe canextendS to anotherconfiguation S’ that
is deceivingand contains(a) a pendingwrite to a register
differentthanry,... ,ry and(b) ny — 2,... ,n; — 2 pend-
ing writesto ry, ... , rg, respectively

ProoF. CreateasetX of s+ 1 vectorsof distinctpending
writes,whereeachvectorhasawrite to eachof theregisters
r,...,T;. FOr eachvectorrz € X choosea distinct new
processy,. Considerthe continuationfrom S in which we
first flushall & writesin x andtheng, executesa WRITE
of anew value. Apply Lemma2.4andlet r,, betheregister
differentthanr, ... ,r thatg, writesfirst. Since|X| =
s+ 1 andthereareonly s baseregisterswe canfind distinct
z,y € X suchthatr, = r,. Consideranextensionof .S in
which we (1) flushall writesin z, (2) make ¢, executethe
WRITE of thenew value,but we suspend;,, whenit covers
r, (3) flushall writesin y, (4) make ¢, executethe WRITE
of the new valueto completion,while leaving the write to
r, pendingand(5) let ¢, completeits WRITE. Let S’ be
the resultingconfiguration. Thenclearly S’ contains(a) a
pendingwrite to r, # r1,...,7, and(b) two lesspending
writestory, ..., thanS. Moreover, S’ is deceving. [

We now apply Lemma2.5 (s — k)(bignum, , — 1) + 1
times,sothatwe canfind someregisterry 1 # r1,... ,7%
with bignum,,_ , pendingwrites. We let Sk+1 to bethere-
sultingconfigurationandnotethat.S¥*1 is adeceving con-
figurationwith mary pendingwritestoeachof r1, ... , rx41.

We applythis inductive constructioruntil £ = s + 1 and
we getour contradictionbecauséherearenot s + 1 distinct
registersin the system.

It remainsfor usto give a precisevaluefor bignum ; for
j=1,...,s+ 1. Welet bignum, , = 1 andbignum, =
s+1. Forl <i < s—1,wedefineit inductively backwards:

s+1
bignum, | = Z 2[(s —j — 1)(bignum; — 1) + 1]

j=i

whereeachtermin the summands the numberof timeswe
needto flushregisterr;_; whencreatingbignum; pending
writesonregisterr;. Thenbignum,; = O(s*) for everyi.

4.2 Possibility result

We now provide a uniform implementatiora SWMR reg-
isterwith only threeSWMR registers pneof which mayfail.
Our implementationcan be easily generalizedo toleratet
registerfailures,by using2t + 1 ratherthanthree SWMR
registers.

The WRITER keepsa sequenc&umbers. To WRITE
avaluev, the WRITER increases, issuesawrite of (v, s)
to all three baseregister$, and waits for the completion
of two of them. The algorithmto READ a valuehastwo
phaseswhichwe call “choose-alue” and“wait” phaseslin
the “choose-alue” phase the READER issuesa read of
all threebaseregistersand waits for two of themto com-
plete. Let (v, sp) bethe valuewith largestsequenceum-
ber Then,in the“wait” phasehe READER keepsreading
all threeregistersuntil two of them have a sequenceum-
beratleastasbig assg. The READER thenreturnsyg (the
valuechosernin the“choose-alue” phase).

In thefull paperwe show thatthis implementationis cor-
rect.

5. SEQUENTIALL Y CONSISTENT REGIS-
TERS

We now consideruniform wait-free implementationof
a sequentiallyconsistentregister, ratherthan atomic. Se-
guentially consistentegistersare easierto implementthan
atomic ones,but harderto shov impossibleto implement.
This is becausdhey do not requirea READ to returnthe
latest WRITE if it completes. For example,if a process
WRITES 0andthen WRITES 1, andlateronanotheipro-
cessREADS, the latter neednot READ 1: it is allowed
to READ 0. Theonly requirements thattherebe anenu-
merationof the operationghat presereslocal order In the
exampleabove, the enumerations WRITE 0, READ 0,
WRITE 1.

We shaw thatit is impossibleto uniformly implementa
SWMR register (with finitely mary fail-prone baseregis-
ters), while it is possibleto implementa MWSR register
Theseresultsimply afortiori thatit is impossibleto imple-
menta MWMR register andit is possibleto implementa
SWSRregister sothatthe implementabilitysituationis the
onein Table3.

6As before,if oneof the registershasa pendingwrite issuedduringa pre-
vious WRITE, thenthe WRITER justforks a backgroundaskto issue
thewrite assoonasall previous writes have finished.



5.1 Sequentialconsistency

Roughlyspeakingan executionis sequentiallyconsistent
if thereexistsanenumeratiorof its operationg REA DS and
WRITES) that(1) is consistentvith the sequentiabpecifi-
cation of the object(e.qg., for registers,the specificationis
thata READ alwaysreturnsthe valuewritten by the previ-
ous WRITE), and(2) respectdocal order(i.e., if thesame
processp executesOP; before OP5 then OP; is before
OP5 in the enumeration) We call this enumeratiora seri-
alization of the operations An implementatiorof a sequen-
tially consistenbbjectis onethatalwaysproducesequen-
tially consistentexecutions.

We requirethelatterdefinitionto hold evenfor executions
with infinitely mary operationsFor if werequiredt only for
finite executionsthentherewould exist a trivial anduseless
sequentiallyconsistenimplementatiorof a MWMR REG-
ISTER without ary sharedregisters,asfollows: eachpro-
cessp hasalocal variablev, thatkeepsthelastvaluethatp
WRITES to theREGISTER(initially, v, is theinitial value
of the REGISTER).To READ the REGISTER,processp
simply returnsthe valuein v,,.

This implementationis uselessbecausea processnever
READS avalue WRITTEN by anotherprocess.Yet, ary
of its finite executionscanbe easily serialized by ordering
initial READS that returnthe initial value of the REGIS-
TER at the beginning, and then, for the other operations,
simply juxtaposingthelocal sequencef operationof each
process.

Now considettheinfinite executionin whichp WRITES
1 andgq repeatedlyorever READS 0, theinitial valueof the
REGISTER.Thenthereis no way to enumeratdhe opera-
tionsin away thatis consistentwith the sequentiabpecifi-
cationof registers:in any enumerationthe WRITE needs
to bein a certainfinite position, say k, andso thereare at
mostk — 1 READS thatmay return0. Thus, the trivial
implementationabove is incorrectusingthe definition that
requiresinfinite executionsto be serializable. This defini-
tion requiresthe following livenesspropertyto hold: in any
executionwith afinite numberof WRITES andaninfinite
numberof READS, eventuallyall REA DS mustalwaysre-
turn the valuewritten by the last WRITE to be serialized.
Our proofswill frequentlymake useof this property

5.2 Impossibility result
In thefull paperwe show thefollowing theorem:

THEOREM 3. Let S be a finite set of wait-free atomic
MWMR registers and supposehat one of themmayfail by
crashing Thenthereis no uniformwait-freeimplementation
of a sequentiallyconsistenSEWMRregisterusing.S.

5.3 Possibility result

Figure 2 shawvs a uniform wait-free implementatiorof a
sequentiallyconsistentMWSR REGISTERthat usesonly
threeatomicMWMR registersry, 72, andrs, oneof which

Initialization of shared variables:
r1« (0,0,0), 2 < (0,0,0), 75 < (0,0,0)

WRITER processeg:
Initially: seq, « 0
To WRITE (v):
seq, < seq, +1
issuewrite(q, seq,,v) tor1, 72 andrs
wait for two of thewritesto complete

READER procesy:
Initially: lastv < 0, segs[r] < O for all processes

To READ:

issueread to r1, r2 andrs

wait for two of thereadsto complete

let (r', s',v') and(r?, 5%, v?) bethevaluesread

if s7 > seqs[r?] for somej then
(* it doesnot matterwhich j we pick above *)
seqs[rd] « &7
lasty «— o7

return lastv

Figure2: Uniform wait-fr eeimplementation of a MWSR
sequentiallyconsistentregisterusingthr eebaseregisters.

mayfail. It is easyto generalizehisimplementatiorio allow
t registerfailuresratherthanone, by using2t¢ + 1 registers
ratherthanthree.

Each WRITER q keepsa sequenceaumberin its local
variable seq,. To WRITE v, g incrementsseq,, issuesa
write (g, seq,, v) tory, o andrs, andwaitsfor two of them
to completé. The READER p keepstwo local variables:
lastv andanarray seqs indexedby procesdd (thisis anin-
finite array but it is not a sharedvariable). To READ a
value,p issuesareadto rq, r» andrs, waitsfor two of them
to completeandchecksf it seesary readtriple (17, s7, v7)
is suchthats’ is strictly greaterthansegs[r’]. If so,p picks
onesuchatriple (it doesnotmatterwhich), replacesegs[r7]
with s7, andreplacedastv with v7. Thenp returnslastv as
thevalue READ.

In thefull paperwe show thatthisimplementations cor-
rect.

6. INFINITEL Y MANY BASE REGISTERS

Now supposéhatthereareinfinitely mary baseregisters,
of which up to someknown numbert canfail. In this case,
we shaw thatthereis auniformimplementatiorof any of the
threeregistertypes(wait-freeatomic,atomic,andwait-free
sequentiallyconsistentfor either SWSR,MWSR, SWMR,
or MWMR registers. We only give an implementatiorfor
the strongestype (wait-freeatomicMWMR register)since
it implies the rest. So the implementabilitysituationis the

“As before,if oneof the registershasa pendingwrite issuedduringa pre-
vious WRITE, thenthe WRITER justforks a backgroundaskto issue
thewrite assoonasall previous writes have finished.



oneshown in Table4.

For the strongestresult, we considerthe infinite-arrival
model,whereaninfinite numberof processemaytake steps
in any run,while atthesametime theconcurreng (thenum-
ber of processethat take stepssimultaneous)n ary single
stateis finite. We saythatthe concurrenyg is unboundedif
in eachprefix of arun R the concurreng is bounded but
theremay be no finite boundover the infinite run R. Our
algorithmworks with unboundedconcurreng. It relieson
two building blocks, one-shotregister and namesnapshat
whichwe now explain andshowv how to implement.

One-shotregister

Our algorithm usesa specialtype of Single-Writer Multi-
Readerregisterthat we call one-shotregister As it name
implies,sucharegisterallows avalueto bewrittento it only
once. Beforea valueis written, the register hasits initial
value,whichis a constant.

It turnsout to bevery easyto implementsuchregistersin
our model. The implementatioruses2t + 1 baseregisters
locatedin different disks, wheret is the numberof disks
that can be faulty. Theseregistersare initialized with the
initial value of the one-shoREGISTER.To WRITE v the
WRITER writesv to all baseregistersandwaitsfor ¢ + 1
of themto complete. To READ, a READER readsfrom
t + 1 registers. If all readsreturnthe initial value of the
REGISTER the READ returnssuchavalue. Else,let v be
the valuereaddifferentfrom the initial value (therecanbe
only onesuchvaluev becaus¢hereis atmostone WRITE).
The READER thenwrites v to 2t + 1 baseregistersand
waits for ¢ + 1 of themto complete. The READER then
returnsv asthevalue READ.

Nameshapshot

Roughlyspeakingnamesnapshof28] providesalist of pro-
cesseghatare participatingin the algorithm; differentpro-
cessesnay not exactly agreeon this list, but differentlists
arealwaysrelatedby inclusion. More precisely at any time
a processi may starta snapshotandwhenit terminatest
outputsa setof processes;, calledthe snapshobf i, such
thatthefollowing propertieshold:

o (Validity) The snapshobf i containstself, thatis, i €
Si

o (Total Ordering) Snapshotgorm an inclusion chain,
thatis, for ary ¢ and; eitherS; C S; orS; C S;

o (Integrity) If 7 doesnot startby the time i terminates
thenj is notin the snapshobf i.

NotethatValidity, Total Orderingandintegrity imply that
if aprocess terminatesefore; startsthenthe snapshobf
j contains.

An implementationof namesnapshofor the infinite ar
rival modelis givenin [28]. We will not repeatthisimple-
mentationhere,but the importantpoint is that it usesthree

Codefor proces:

To READ:
S « snapshot()
T «— {q € S suchthatv[g] # 0}
if 7= () thenreturn initial value
q < processn 1" with largestv]q].snapshot
return v[q.value

To WRITE((val):
S «— snapshot()
tmp.value «— val
tmp.snapshot — S
v[p] < tmp

Figure 3: Uniform wait-fr ee implementation of an
atomic MWMR register using infinitely many basereg-
isters.

infinite arrays of fail-free sharedregisters, snap|1...00],
start[1...00], and flag[1...00]. We now arguethat suchar
raysareimplementablen our model. Indeed,snap[i] and
start[i] are one-shotregisters,which we have just shovn
haow to implement.And flag[i] is aboolearMWMR register
that can be written to multiple times, but if it is written to
morethanoncethenall writes arefor the samevalue. This
type of register can be implementedwith the sameimple-
mentationgivenabove for one-shotegisters.

Thereforeby pluggingin theseimplementation®f snap,
start, andflag, we getanimplementatiorof namesnapshot
thatworksin our model,whereup to ¢ diskscanbe faulty.
Thisimplementatiorrequiresd = 2¢ + 1 disks,whereeach
disk hasaninfinite numberof registers.

MWMR register

The algorithmthatimplementsa MWMR registeris shavn
in Figure3. To WRITEFE, we take a namesnapshotasex-
plained above), and then storethe snapshotand the value
beingwritten to avectorv of one-shotegisters.To READ,
we alsotake asnapshoandthenremovethoseprocessethat
have emptyentriesin the vectorv (theseare processeshat
have eitherpreviously READ avalue,or have startedtheir
WRITE but have not yet completedit). Among the pro-
cessedeft, we thenchooseheonewith thelargestsnapshot
in inclusionorder (we breaktiesin any deterministicfash-
ion). We returnthe valuewritten by sucha process.

Note that this implementationallows a given processto
WRITE to the MWMR registeronly once.Asin [28], it is
easyto transformthisimplementatiorinto onethatallows a
processo WRITFE multiple times, by assigningeachpro-
cessanamefor eachnew operation.We do this by reserving
infinitely mary integernamedor eachprocessWheneera
procesgerformsanotherREAD or WRITE, it usesanew
unusedhame.

THEOREM 4. LetDq, ..., D, beinfinite setsof wait-free
atomicMWMR registers and supposeahat every register of



upto ¢ of thesesetsmayfail by crashing wheed > 2t + 1.
Thenthere existsa uniform, wait-freeimplementatiorof an
atomicMWMRregisterusing D+, ... , Dq.

We now shaw this theorempy proving thatthe algorithm
in Figure3 implementsanatomic(linearizable)register To
do so, we shav how to assigneachREAD and WRITE
operationto a pointin time betweerthe operationsinvoca-
tion andresponsein sucha way thatif we orderoperations
accordingto their assignedime, we geta consistenhistory.
In what follows, we saythata WRITE completesvhenit
writesavalueto v[p] 8, andwe saythata READ completes
whenit returnsavalue.

Assignmentof WRITES: ConsideanoperationOP =
WRITE (val), andconsiderthe time when OP completes.
At thistime, therearetwo casego consider:

e Casel: noother WRITES that havea larger snap-
shothavecompletedIn this casewe assignOP to the
time OP completes.

e Case2: thereare WRITES with larger snapshoval-
uesthat havecompleted.Among such WRITES, let
OP4 bethe onewith largestsnapshotWe assignOP
to the time right before OP, completed. For this to
malke sensewe needto show that this time 7" is be-
tweentheinvocationof OP andits responseSuppose
it is not. ThenT mustbe earlierthan OP’sinvocation.
But OP- takesasnapshobeforetime T'—andthusbe-
fore OP takesasnapshotThus,the snapshobf OP-
doesnotincludep. Thisis a contradictionto the def-
inition of OP5. Thus,T is betweenthe invocationof
OP andits response.

Assignmentof READS: Consideran OP = READ.
Let S bethesnapshothat OP obtainsandlet T’ bethe setof
processes S from which OP readsa non-emptyvaluefor
v. Notethatall processes T' have previously performeda
WRITE operationsinceonly WRITES assigrvaluesto v.
Let po bethe processwith the largestsnapshotn 7' andlet
OP; bethe WRITE performedby po.

e Casel: OPy's assignedimeis before p starts OP.
In this case,we assignOP to thetime it starts. We
claimthatno WRITES areassignedetweerthe as-
signedtime of OP, andthe invocationof OP. In-
deed,in orderto obtaina contradiction,supposenct.
Thenthereis a WRITE operationOP3 by somepro-
cesys, suchthat OP3 hasalargersnapshothan OP,
andOP3 completedetweertheassignedime of OP,
andtheinvocationof OP. Then OP3’s snapshotloes
notincludep (sincep only takesa snapshotater),and
so OP’s snapshoincludesps;. Moreover, when OP

8In this terminology the WRITE may completebeforethe WRITE re-
turnssincethe processnay block for arbitrarily long beforereturning.

91f other WRITES have beenassignedo the time “right before” O P,
completesit doesnot matterwhich oneis assignedirst.

readsv, OP3 hasalreadycompleted,so OP getsa
non-emptyvalue of v[ps]. Thus,ps isin T. Since
OPj3’s snapshots largerthan OP,'s, thatmeanghat
p cannotchoosep, astheprocessn T with thelargest
snapshot—aontradictionthatshavs the claim.

e Case2: OPs'sassignedimeis after p starts OP. In
this case,we assignOP to the time right after OP,
is assigned.We claim that this time ¢ is betweenthe
invocationandresponsef OP. Indeed,t is afterthe
invocationby assumption. Moreover, if ¢ were after
OP’sresponséhenp, only writesto v[p-] afterp com-
pletes OP. Thus, p cannotreada non-emptyvalue
from v[p;]—a contradictiorto thefactthatpy isin T'.

7. CONCLUSION

In this paperwe have studiedthe uniform implementabil-
ity of objectsfrom objectsthat may fail. We showv than
anobjectassimpleasa Multi-Writer Multi-Readerregister
doesnot have a uniform self implementatiorusingfinitely
mary baseregisters. Sucharesultis applicableto systems
like StorageArea Networks, wherefail-pronedisksare di-
rectly attachedto the network so that the setof processes
accessinghe disk is unknovn and possiblyvery large. An
interestingesearclyuestions whatproblemscanbe solved
in this setting. This paperhasshedsomelight on this ques-
tion.
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