SPANNING TREES (CH. 8.5)

1) A tree is a connected graph which contains no cycles.

2) The concept of a spanning tree of a graph originated with optimization problems in communication networks.

a) A communication network can be represented by a graph in which the vertices are the stations and the edges are the communication lines between stations.

b) A subnetwork that connects all the stations without any redundancy will be a tree.

3) A spanning tree for a connected graph is a tree whose vertex set is the same as the vertex set of the given graph, and whose edge set is a subset of the edge set of the given graph.

4) Any connected graph will have a spanning tree.

5) The diagram below shows a graph and three different spanning trees for the graph.  

a) The graph is:



b) Three spanning trees of the graph are:

6) There are two algorithms for constructing a spanning tree for a graph:

a) Breadth-first search method.

i) Implemented as a queue.

ii) Used if probability of a hit is in the upper tree levels or tree is "narrow" with depth.

b) Depth-first method.

i) Implemented as a stack (with recursion).

ii) Used if probability of a hit is towards leaves or if tree is "wide" with little depth.

7) In each method, we start at some vertex and build a rooted tree from it.

a) The breadth-first method yields a tree with small depth and large out-degrees for the vertices.

b) The depth-first method yields a tree with a large depth and small out-degrees.

8) In the breadth-first search method of finding a spanning tree, each vertex is labeled with its depth in the resulting tree.

9) Breadth-first search algorithm:

a) Set the label of each vertex to "unlabeled."

b) Choose any vertex and label it 0.  (This will be the root.  At this point, the tree being built has zero edges.)

c) Set k equal to zero.

d) Repeat the following steps until the tree reaches n - 1 edges, where n is the number of vertices.

i) For each vertex v labeled with the number k, find all unlabeled vertices adjacent to v, label them k + 1, and add to the tree the edges from v to these vertices.

ii) Set k equal to k + 1.

10) Example of a breadth-first search:
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a) In the graph above, start at the center, vertex v1.  Label it 0.

b) The vertices adjacent to v1 are v2, v3, v4 and v5.  Label these 1, and add the edges from v1 to v2, v3, v4 and v5 to the tree.

c) In the next step, all the remaining vertices are labeled 2 and their respective edges are added to the tree.

d) The breadth-first spanning tree is:
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11) The tree resulting from use of the breadth-first search method depends on the choice of the root and the order in which the vertices are processed.

12) In the depth-first search method, each vertex is labeled with a sequence number.  The sequence numbers indicate the order in which the vertices are added to the tree.

13) Depth-first search algorithm:

a) Set the label of each vertex to "unlabeled."

b) Choose any vertex and label it 1.  (This will be the root.  At this point, the tree being built has zero edges.)

c) Set k equal to 1.

d) While k is less than the number of vertices in the graph, do the following steps:

i) Let v be the vertex with the largest label (not the same as vertex number) that is adjacent to an unlabeled vertex.

(1) Let w be any one of the unlabeled vertices to which v is adjacent.

(2) Label w with k + 1 and add the edge from v to w to the tree.

ii) Set k equal to k + 1.

14) Example of a depth-first search:
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a) In the graph above, start at the center, vertex v1.  Label it 1.

b) From among the vertices adjacent to v1, choose v5 and label it 2.

c) From among the vertices adjacent to v5, choose v6 and label it 3.

d) The next choices, in order, are v7, v8, v9, v10, v11, v12 and v13.  Label them, respectively, 4 through 10.

e) At this point, the vertex with the largest label adjacent to an unlabeled vertex is v12, whose label is 9.  So, v4 is added and labeled 11.

f) Finally, v3 and v2 are added and labeled 12 and 13.

g) The depth-first spanning tree is:
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15) The tree that results from application of the depth-first search method depends on the choice of the root and also on the choices of w in step 13)d)i) above.

16) Theorem:  A simple graph is connected iff it has a spanning tree.

MINIMUM SPANNING TREES (CH. 8.6)

1) Suppose we have the following graph:
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a) Think of the 10 vertices as cities and the number (or weights of the edges) as the cost of building direct communication links between cities. 

i) Assume some pairs of cities aren't connected because the cost to build a link is too high.

b) The problem is how to connect these cities with the lowest cost communication network.

i) To do this, we need to determine a minimum spanning tree (MST).

2) Why use a spanning tree?

a) A spanning tree guarantees that all vertices are connected.

b) A spanning tree eliminates cycles which save money because extra edges (communication links) are removed.

3) Minimum spanning tree (MST):  Given a connected graph G in which each edge is labeled (weighted) with a number, an MST is a spanning tree for which the sum of the labels (which may indicate lengths, weights, costs, etc.) is as small as possible.

4) An MST is a slight modification of the spanning tree algorithm.

5) Prim's Algorithm for a Minimum Spanning Tree:

a) Choose any vertex v and let T1 be the tree consisting of the vertex v alone.

b) Set k equal to 1.

c) While k is less than the number of vertices in the graph G, do the following steps:

i) From among all edges of G that have one vertex in Tk and the other vertex not in Tk, choose an edge e having the smallest weight. 

ii) Build Tk+1 by adding this edge to Tk.

iii) Set k equal to k + 1.

6) Example of using Prim's algorithm to find a minimum spanning tree:

a) Given the previous diagram:
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b) Choose any vertex, say v1.

c) Of the two edges leaving this vertex, choose the one with the lower weight, i.e. edge {v1, v2} with weight 2.

d) Now we have 3 edges from which to choose, of weights 4, 7 and 3.  We choose edge {v2, v5} with weight 3.

e) Now we have 4 edges from which to choose, of weights 4, 7, 2, and 1.  We choose edge {v5, v8} with weight 1.

f) Continue this way until all vertices are accounted for.

g) The final result is:
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h) The weight of this spanning tree is 2 + 3 + 1 + 2 + 1 + 3 + 2 + 3 + 4 = 21.

7) Example of Prim's algorithm using adjacency lists:

a) Given the following graph:
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b) Find an MST for the graph (missing information--will be completed in lecture):

Vertex     Fringe weight
Parent
     Status
Adjacency List
   v1






v2(1) -> NIL

   v2






v1(1) -> v3(1) -> NIL

   v3






v2(1) -> v4(4) -> v5(3) -> NIL

   v4






v3(4) -> v6(1) -> NIL

   v5






v3(3) -> v6(3) -> NIL

   v6






v4(1) -> v5(3) -> NIL

Fringe list:

In tree:

c) The MST  is:
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8) Prim's algorithm is an example of a greedy algorithm.

a) Greedy algorithms are algorithms for optimization problems.

i) Optimization problems are problems where some quantity is to be minimized or maximized).

b) Greedy algorithms make locally optimal choices at each step in the hope that these choices will produce a globally optimal solution.

9) Kruskal's algorithm is another algorithm that produces a minimum spanning tree for any connected weighted graph.

10) Kruskal's Algorithm for a Minimum Spanning Tree:

a) Choose an edge with the smallest weight and place it in graph T1.

b) Set k equal to 1.

c) While k is less than the number of vertices in the graph G, do the following steps:

i) From among all the edges in G, find an edge G with the smallest weight that does not form a simple circuit when added to Tk. 

ii) Build Tk+1 by adding this edge to Tk.

iii) Set k equal to k + 1.

11) Example of Kruskal's algorithm.

a) Given the following graph:
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b) Edges {v4, v7} and {v5, v8} have the smallest weights with weight of 1.  We arbitrarily choose edge {v4, v7} and add it to the minimum spanning tree.

c) We can add edge {v5, v8} of weight 1 to our MST without creating a circuit, so the edge is added to the MST.

d) The edges with the next smallest weight, weight 2, are edges {v1, v2}, {v5, v7} and {v9, v10}.  All three edges can be added to the MST without creating a circuit.

e) The edges with the next smallest weight, weight 3, are edges {v2, v5}, {v6, v9} and {v7, v10}.  All three edges can be added to the MST without creating a circuit.

f) There is only one edge, {v1, v3}, with weight 4.  Edge {v1, v3} can be added to the MST without creating a circuit.

g) At this point, we have the MST shown below, with total weight of 21. 
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